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Action:
S = /B”/\FU = gB”ABU = %QJKLBU/\BKL (1)
The algebra has a form:
[Pa, Po] = —inaaMap,  [Map, Pe] = —i(1acPo — MocPa) s (2)

[Map, Mcd] = —i(DacMod + MaMac — NadMpe — MoeMada)- (3)
The gauged reductive Cartan’s connection can be written as:

AL = Zu Moy + 5P )

[ L. Freidel, A. Starodubtsev, D. Wise ]
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It is possible to reformulate MacDowell-Mansouri action in the
BF theory framework.

SZ/BIJAF]J—gBIJ/\B]J—%EIJKLBIJ/\BKL (5)

Note that one can choose « # S (The choice o = § will lead to
a self dual formulation of gravity).
The physical meaning of constants is:

1 A ~ GA _ GMy
2-3 “T31-9 5_3(1—72) (®)
GA ~ 107120 7)

[ L. Freidel, A. Starodubtsev ]
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S = SH+A+/ <m;§m A Rufijkl_ﬁR” A Rij‘f‘gc)
(8)

Additions to the action are the Euler, Pontryagin and Nieh-Yan
classes.

1 A
SH+A = _aeabcd(Rab/\ec/\ed—gea/\eb/\ec/\ed) (9)

2
—aRabAeaAeb (10)
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The action is presented as:

S:/tr(IB/\]F—gB/\IB%—%IB/\V5B) (11)
where B = (B, B). The gauge algebra is OSp(4[1).

[Mass Qal = — L (s @)

2
[Pay Qa] = _% Ya (Qa)7
{Qa, @5} = =5 (1™)as Mab + i(1")ap Pay
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The action is presented as:

sz/tr(BAF—gmaAB—%Bmm) (12)

where B = (B, B). The gauge algebra is OSp(4|1).
The connection is constructed as:

1
A, = 2""# Mw + le“ ‘p, —{—m/}uQ (13)

The curvature has a bosonic and fermionic part:
F F(S)IJM]J—I-]?MVQ. (14)

IW_Q pv

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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Final Lagrangian contains of SUGRA part with Cosmological
Constants (A) and the supersymmetric Holst term.

L= a E'U’Vpaeijkl (RMVU epk eo-l — g e,/ €VJ epk eo'l) (1 5)

1. ' i - .
— Hvpo <2 Yu Y5 Vs eZD;)Qﬁg vy Y5 Vij 6;6% 1/)0) (16)

) iy - ;
+ e,ul/pO' <"}/G R/,u/” epi ea‘j _ E w/—L Yi T;Z)V D;’je#) . (1 7)
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The algebra of the s0(3,2) ® s0(3,1):

[Pa, Po] = —inaaMap + ik Zap = i(N2 Mgy — n2ap) (18)

[Map, Med] = —i(MacMpa + MaMac — NaaMpe — MoeMad)- (19)
[Map, Zed] = —i(MacZd + MdZac — MadZbe — MeZad),  (20)
[Zab, Zed) = —in"' (NacZbd + ModZac — MadZbe — MeZad),  (21)
[Mab, Pe] = —i(MacPo — MocPa)s  [Zabs Pe] = 0. (22)

Change of cosmological const. \*
AdsX2X s (23)

P

50(3,2) ®s0(3,1) — s0(4,1) B so(3,1) (24)
[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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If one use isomorphism Z « M — Z then algebra become!:
[Pa, Py] = nZap, (25)

Map, Mea] = —i(NacMpa + MbaMac — adiMobe — MoeMad). (26)

[(Mab, Zed]l = —1(MacZbd + MdZac — NadZbe — MoeZad),  (27)
[Zab7 Z. ] = _inil)\Q (nachd I nbdZac - nadec - nchad)v (28)

[Mab, Pe] = —i(MacPo—16cPa);  [Zaps Pe] = —in~ "N (1acPo—nucPa) -
(29)

[ D. Soroka, V. Soroka ]
Change of cosmological const. )\’

A2 )2
L

AdS s (30)

1[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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Let me take a Wigner—Inonu contraction in the form
Z N2z PP (31)
then algebra becomes
[PasPo] =iZap  [Zabs Zed] =0, (32)
[Map, Mca] = —i(NacMpd + MoaMac — NadMpe — MeMad), (33)
[(Mab, Zed] = —i(NacZbd + MdZac — NadZbe — MeZad);  (34)
[Mab, Pe] = —i(MacPo — MocPa)s  [Zabs Pe] = 0. (35)

a Maxwell algebra.
[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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The connection

1 1 1.,
A, = §w,ﬂbMab + 5€iPat 5hfzab €9))
corresponds to curvature
1 1 1 .
Fpu = 5 Fiay My + 5T, Pa+ 5 Gii Zab - (37)
The art of the Action
16w S(A,B) = / 2(B™ A Fyy — §B"4 A Bay)

+BWAFy — gBa” A Byy — %eabchab A By

+C% A Gy — gcab ACyy — %eabcdcab ACyy

—BC% A By — %eabcdcab A By (38)
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The art of the Action

16w S(A,B) = / 2(B™ A Fyy — §B“4 A Bay)

+BWYAFy— §B“” A Byy — %e“deBab A Beg

+C% A Gy — gca” AC,y, — %e“deCab ACly

_/BCab N Bgp — %eadeCab A Beg (39)

becomes the gravity plus generalized topological term:

167S(w, h,e) = / (}lM“deFab/\ch— %T“/\To (40)

1
+/ ZNade(Gab + Fup) A (Gap + Fap)

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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Let consider base transformation M < M — Z, which
corespont to field transformation w « w + h, then the
connection become

1 ab A~ 1 a 1 a
Ay = 5 "My + 7€iPa = 5%”2@ : (41)

Algebra is separated clearly

(50(3, 2) = AdS|M, P]) ® (A[M, 2] = s0(3, 1)) (42)
Now one can see that

50(3,2) ®50(3,1) ~50(3,2) @ (su(2)" x su(2)7) (43)

Flw) = Flw]+G[h] and F~ =0 (44)
[ A. Borowiec, M.Sz ]
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S=8g+ 51+ 5

_ 1 ab_c d A a b _c_d uvpo
= /eabcd (R/w €p€q 3e#eyepea €

1 - - - -
- Z /6 (Ql FuuabF/Wab + 02 F/uzabF'uVCd 6abcd) o (45)
The field equations resulting from this action are Einstein eq.

1
Ry — 5 uv R+ Agu =81GT,, (46)

_ 1 _
TIW =01 (F/MabFu)\ab - Z Guv F)\aabFAaab>

- - 1 - -
+ 02 <Fp)\abFI/)\Cd - Z Guv F)\aabF)\GCd) €abed (47)

[ R. Durka, J. Kowalski-Glikman, A. Borowiec, M.Sz ]
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The super algbera has a form

[MaIn Qa] = _z (7ab Q)a ; [Mab7 Za] = _% ('}/ab Z)a P

2
Pos@ul = ~570(Qa =B, [PuTal =0,
{Qas @3} = —5 (1o Mab + i(1)as Pa
(@03} = =50 Zars (B} = =50 Zo
2oty @l = —3 (wS)as  [Zas, Za] =—§(vabz)a

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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The gauge field is

1, 1, 1, . __
A, = inbMab + 4¢P+ §hl}’zab + KP2Qa + FXESa  (48)
and the most general “rotation” invariant action is
B

647 L = (Bf JFY

Ly o ab pcd e
w po IJ §B,u,1/BpUIJ__€abch B )6”’0

4 uv =2 po
1) o
+ <CZSG§;)&I) - 5 ngopa ab — ZﬁabchﬁSC§g> atid

(6
+ (;8 ng B poab + 5 6abcch’ab B ) etre

o B
+4 (B,Wfpo - géwzsp,, -2 B Bpg) (Hpo

4 (c‘Wg,),, - gc‘wcpg . % ‘,Mf’cp,,) ehree (49)

+4 (g CiaBpo + gBWc,,a oGl B %Bwfﬁc,,a) P
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The Lagrangian reduces therefore to the final form

1 ab rred a vpo
I (EMabch Fpo' 4ﬂ£2TMV Tpcra) eHvp

/4}2 W
( ¢,u7 'Vabeyep'i' %7 Ya €y D,ﬂ/} > i
+ ﬁ @Zﬂa Y, Ty, €'VP7 + total derivative (50)

[ R. Durka, J. Kowalski-Glikman, M.Sz. ]
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The algebra s0(3,2) @ s0(3,1) ® s0(3,2) @ s0(3,1) has a form:

[Pa, Py| = —inaaMap + ik Zop = i(Map + kZa),  (51)

[Map, Med] = —i(MacMbpd + MoaMac — NaaMbe — MoeMad)- (52)
[Mab, Zea] = —i(NacZba + MdZac — NadZbc — MocZad)s  (53)
[Zabs Zed] = +ik(NacZbd + ModZac — NadZbc — MocZad),  (94)

[Mab, Pe] = —i(0acPs — mcPa),  [Zabs Pe] = 0. (55)
[Ra, Re] =i Zap (56)

[Map, Re] = —i(NacRo — MbcRa) (57)

(Mab, Re] = —i(DacRb — mecRa),  [PayRe] = 0. (58)

[ A.Borowiec, M.Sz. ]
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The connection

1 1 1 1
A, = 5%‘1”/\4&,, + ZeiPa+ §h;bzab + 5 fiRa  (59)
The curvatures has a form
1
Fﬁf = Rffl’, + E—Q(EZGS - e,‘er) , (60)
T;}l, = D;‘j a— D‘;jef;, (61)
1
ab w1,ab w1 ab a b a b
Gy, = Djihy’ — Dyhy’ — ﬁ(euev — el,eu)
1 a a
+ (h’zchl/cb N h’gchpcb)iﬁ( ,ufg * fz/ f;j) ) (62)
Yo, = DY — D¥fe+ h%foy — h fuu. (63)
and the action is
S = S(AdS—Mawwell) +2C°AY, (64)

[ A. Borowiec, M.Sz. ]
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The addtional e.0.m. says
dfe +w% A fo=T°=0. (65)

where w = w + h.

1 ab ec pd A a £b pc pd vpo
SEQ = 647TG /eade (Hﬂl’[w] fpfa _ ?fufufpfa Eu P
G
[ A. Borowiec, M.Sz. ]
This is almost f — g model but without
S = M (—g)"(~) T V(g Ng) (67)

[ R. Durka, J. Kowalski-Glikman ]
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