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the background of codimension-2
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Outline

1. Spontaneous symmetry breaking and topological defects of
T =1,

2. Abrikosov-Nielsen-Olesen vortex, cosmic strings and
codimension-2 branes

3. Induced vacuum current and magnetic field in the
background of codimension-2 branes

4. Induced vacuum energy-momentum tensor in the
background of codimension-2 branes

5. Finite transverse size effects
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Casimir-Aharonov-Bohm effect

vacuum polarization



Casimir-Aharonov-Bohm effect

vacuum polarization



U(1) gauge Higgs model

L=—=2FuF" = (0, = ign Vi)el (0" —ign V¥)¢] — M¢"¢ — 0”/2)?
#() = Sl + x(@))e ™

upon quantization:

p

1 (vac|y|vac) = 0
(vac|p|vac) = —=ce?™)
V2 | {vac|X|vac) = V(x)
1 L1 1 ) 1
L= =S FuF" — Ssmy ViV — =(0,x)(0"x) = 5mix” + -

my — g o mH:-v2)\J



Topological defect of 7, = Z: Abrikosov-Nielsen-Olesen vortex
1

¢ = ——=or(r)e™?

V2

9H
B® = =n 7' -
gu'T
stress-energy tensor
1 ne | 1 2\2, 2 , T
TUUZ—T?)?,:% (7) ‘I‘i(l_'r ) mH] My + 4 2

(mv — m H)
100 and b are nonvanishing inside the vortex core



Einstein-Hilbert equation

1
RMU — §gwR = 87TGTMV

scalar curvature

R =167nG TOO
(Global characteristics of ANO vortex:
1

linear energy density: ,, —
16’7TG core

2
doy, R ~ my

3
flux of the gauge field: b = doyB” = 2mn/gy

Ccore



The space-time metric outside the string core:
ds® = —dt* +dr® + (1 — 4Gp)*r*dp® + dz° = —dt* + dr® + r°d@* + d2°

where 0 < ¢ < 27, 0 <¢< 27(1 — 4Gy), a deficit angle is equal to 87Gp




Cosmic strings were introduced 1n

T.W.B.Kibble, J. Phys. A 9, 1387 (1976); Phys. Rep. 67, 183 (1980}
A.Vilenkin, Phys. Rev. D 23, 852 (1981); D 24, 2082 (1981}

Earlier studies in

M.Fierz (unpublished)|
J.Weber, J.A.Wheeler, Rev.Mod.Phys. 29, 509 (1957)
L.Marder, Proc. Roy. Soc. London A 252,45 (1959)

A cosmic string resulting from a phase transition at the scale
of the grand unification of all interactions is characterized by
the values of the deficit angle

8mGp ~ (107° = 107?)



Generalization:

d+1-dimensional space-time with a codimension-2

brane
('rr ¥ ?d—ﬁ)
ANO vortex 1 .
¢ = —=or7(r)e"?
V2
VvV, = —72%(
@ QHT (r)
B = 2n 7'

Vo=V, =0)



stress-energy tensor

scalar curvature

R = STT(d — 1)GT[][]

metric
ds® = —dt* + dr® + (1 — AGu)*r2dp* + d 7%,
tension
1
— do. R
NJ 871'(02— I)G core ot
flux

b — dO’tTBB'"d

core



- Second quantlzed charged scalar field

-
-

W(x,t) = e BNy (x)ay + Aty ()b

;I:\/QE)\

~ wWhere Ey =FE_, >0
Ul
"'-;.-"'\_*

=

[a’)na;\/]— — [b)w bi\/]— — <)‘|)‘/>

ay|vac) = by|vac) =0
"'-;.-"'\_*

(VP m?)a(x) = E{ya(x)
. - Vacuum current:

i = 4ii<vac| {[uﬁ(x, D, VW (x|, — [VWiten), wix t)h}

—Ee— Lr HACOIT (0] = (V1A GOI A ()

s wZ--L "'H“'" ml*- o
Lw . 'h \ pe n.ﬂl:* v
- "‘w‘ ’ - ‘-»- ¢ “" . ""'“ ‘
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Solutlon to the Kleln Gordon equatlon

wknp(x) > \/]f

Jln <D| (k:r)e ’I’LQO

A
 whereO< k<oo, nE€Z, —oco<p< oo

_ 5k — k)
k

6nn’ o (p_p/)

() = o / dp / Ak kP h2 ) 3 S (D) TR gy (b

(221 — ) _ =, e

el N - V. ™ - ""'ﬂ e
perlodlc dependence on <4 (Bohm—Aharonov
i efFect)

== }_.. .
. P = [<]] + F
,r-'-*- [[CD]] is the integer part of <

O < F < 1
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Calculation of integrals and a sum

1. J2(kr) = E[Ip(—ikr) K,(—ikr)—I,(ikr) Kp(ikr))

2 7P 1
= [ drr(EP=—p?P-—m?)2 Y (n=P) o) (k1) Knw (k7)
W\/m nec, 1—n 1—n

g

2p2

1 Fdy
I,(kr)Kp(kr) = 5 / ?exp <_ 5
@)

—y)%@>

@) @)

> U—=F)-r(y) — > U+ F)li+r(y)
=1 T—7 1=0 T—7
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Vacuum current induced by a codimension-2

hrane
- 32 m_(d—Fl)/Q
Jo(r) = — (47r)(d+3)/2 p(d=3)/2

/dv VD2 41y 0 (2mro) A(v; F, v)

1

where
sin(Fvm)sinh|2(1 — F')varccosh v| — sin|(1 — F')vr| sinh(2Fv arccosh v)

Alv; F, v) =
(5 £y v) cosh(2v arccosh v) — cos(v)
_ g% g%
= (1~ 4Gy Fe -5
e
. . . _ ~1 9P g/27t
F—1-1F: Jo = —Jp Jelp=1 =0 7172 12 N_7372

Yu.A.S., N.D.Vlasu, Fortschr.Phys. 57, 705 (2009)



Induced vacuum magnetic field

Maxwell equation

1
(d—2)!

magnetic field strength

2112 13...14 71
v’igg 13...14 B(I) — €]

OO

(d—1)/2
(T) /dv "f"’_(dﬂmﬁr(d—n/g(Qm'rv)A('U; F, v)

1

. 16ev
3.d(\ _
w (1) = - (47)(@+3)/2

and 1ts flux
27

cb@/d /dr—B(I) (r)
0

0



1
_ 0. 0= ()R- )
d=2: 6m( 2) (1-F)v
o0 = (p_ LX) pa— P
d:3. 6?? 2 ( )V( Ilm?“o)
2¢ ' (=2 r
d>4: ) = (4ﬂ_)(g+21})2 '?"Sd/dt; t,:r_dA(“U; F, v)
d=3:

Identifying "0 with the transverse size of the string core,
then ro ~ mz" and

1\ F(1—F) ., mg
o) = & (F——) In — >
67 2/ (1 —4Gpu)? N e T

Yu.A.S., N.D.Vlasi, Class. Quantum Grav. 26, 195009 (2009)



Energy-momentum tensor of charged massive scalar field
T (x) = %[V”\PT(X),VV\P(X)L +%[vvwf(x),vmy(x)]+ ;

+% g [(@+m> +ERYPT (), % (x)| +% g [T (), (O +m> +ER)P(x)|, +

1
HE—) g O (x),%(x)| - (Vv + R W (x),% ()] .
point-splitting regularization
T (x,x"y=D"" ()C,)C’)[T‘P()C)‘PT (x)+TP(x)P (x)],

where

D™ (x,x") = G—éj(vaif +VIVE ) g (O, +m +ER ) + &g (O, +m” +ER,)+

; 2(5 —ing(gmvgiv; - Ler, —%5&) —g(vm Vv LR LR j



Equation for Green's function

(m,+m* + ER,)i0 | TP (x)¥'(x") |0) =
1

Je

decomposition of the VEV of the chronological operator product

— (I:Ix,-|-m2 + ng,)l(O | T\P(X)LPT(XI) 0) = 5(x — x')

(O] TH(x)Y"(x)]0) = (O] TH(x)¥" (x") | 05 +(0 | T (x)FT(x") [ 0),.
Renormalized VEV of the energy-momentum tensor

(4 (x) = lim D" (x,x" )0 | T¥ (x)'¥" (x) + T (x") ¥ (x) | 0.

x'—x



Induced vacuum energy-momentum tensor in the cosmic string background
Yu.A.S., Vlasii. Class. Quantum Grav. 29, 095002 (2012)

t(r)—t(r) (on )( j

1()_

{ (V24 2(1-48) | K, 2mrv) =2(1 - 4&)mr v K, (2mr v)} A(V;F V),

2
1 vi—1

oy (’")J (v 49K, @mrvAVF),

(271)( j? -1

sin(F'vr)cosh[2(1 — F)varccosh v]+ sin[(1 — F)vr]cosh(2Fvarccosh v)
cosh(2varccosh v) — cos(v )

F= gq)—ﬂg@ﬂ v=(1-4Gu)"

(V_2—4§)[K 2mrv)—-2mrv K (2mrv)]A(V Fv),

where

A(V;Fv)=

9

27



Conservation:

Trace
. vmye dv
=
o i ’”JIAV vi—1

0,61 (r) +r i (M -2 (r)|=0

{(1 —65)v U [K2 (2mrv) —mrv K,(2mr V)] — %mzK1 (2mr V)} A(V;F,v)

conformal invariance is achieved in the massless limit at ¢ = é—:
. ' _
Iim g uu,f = 0.
m—0 £=1/6




For a global string

: 2 o
fg () == f:f () lp=0= - sm(v37z) (mj j v [cosh” (v arccosh V) — cos®(v/2)]™
(27T) r 1 V2 — 1

x{ [V7+2(1-48)IK,2mr v) = 2(1 - 4E)mr v K,(2mr v)/,

| _ vsin(vz) (m vi—4&
h () o (2r)’ ( j j «/V _1 cosh”(v arccosh v) — cos*(vr/2) K, (@mrv),
vsin(ve)t dv vi—4¢ B
() lr-0™ 2r)’ '! m cosh’ (v arccosh v) — cos*(vrr/2) [K2 (2mrv) = 2mrv K, (2mr V)]



For a vanishing string tension

0 _ Ay _ 2sin(Fr) (m Todv - - )
to(r) o= 5(r) |- (on) (r) !V Vz_l{[v +2(1-4¢) |K,(2mrv)

—2(1-4&)mrv K,(2mrv)}cosh[(2F —1)arccosh v],

2sin(Fr)

L (1), = (27?)3

(m j T dv (v?—4&E)K,(2mr v)cosh[(2F —1)arccosh v],
r Y

V-1

£y, = 2307 (?) Ojo V(24 [K,(2mrv) —2mrv K,(2mrv)]cosh[(2F —1)arccosh v].

(2”)3 vavi—1

Yu. A. Sitenko and V. M. Gorkavenko, Phys. Rev. D 67, 085015 (2003).
Yu. A. Sitenko and A. Yu. Babansky, Mod. Phys. Lett. A 13, 379 (1998).
Yu. A. Sitenko and A. Yu. Babansky, Phys. At. Nucl. 61, 1594 (1998).



For a vanishing mass of scalar field:

, 1 1
Y _ 4 201 1\2 - B
lim . (7) 12ﬂ2r4(60{1 v [1-30F(1-F) ]}dlag(l,l, 3,1) +

+(.§ - éj{l —v’[1-6F(1- F)]}diag(2,- 1,3,2))

Trace:

1imgw,t““'= 1 (é—lj{l—v2[1—6F(l—F)]}

2 4
m—0 2T 6

V. P. Frolov and E. M. Serebriany, Phys. Rev. D 35, 3779 (1987).
J. S. Dowker, Phys. Rev. D 36, 3742 (1987).



d + 1 -dimensional space-time

(d+1)/2 o (3-d)/2
16v m \%
(47Z_)(d+3)/2 ( j jd A

2
1 V—l

£0(r)=t/(r) = : x

x{ [V +2(1=48)IK ), Qmr v) = 2(1= 4E)mr v K 5, Qmrv) L A(V;F V),

t11(7’) - (V- 4§)K(d+1)/2 Cmrv)A(V;F,v),

r

(d+1)2 (3-d)/2
16v m \%
(47Z_)(d+3)/2 ( j jd v

1 V2 —1
(d+1)2 o (3-d)/2
1
t(r)= ov (ﬂj jdv M v —4&)x
r

(47Z_)(d+3)/2 1 /V2+ 1

d+1)2 (2mrv)—2mr VK 4130 Cmrv)|A(V;Fv),

K

where

sin(F'vr)cosh[2(1 — F)varccosh v]+sin[(1 — F)vr]cosh(2Fvarccosh v)
cosh(2varccosh v) — cos(v )

A(V;Fv)=



Transverse size of a codimension-2 brane

tel[%ﬁ(s)(r)erd component of the vacuum energy-momentum

(vacuum energy density)
V.M.Gorkavenko,Yu.A.S., O.B.Stepanov. Intern.J.Mod.Phys.A 26, 3889 (2011)

(" = (vac|[8,%°0,¥ +8,%0,¥" — (£~ 1/ HAY "W + ¥¥") || vac)

d=2 v =1

e®D 1
27 2



Dimensionless energy density 77¢%’ as
a function of mr (singular brane)
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Dimensionless energy density 77¢%’ as
a function of mr (the case of mr,=1)

4.3 107% |
21078 F —
P caE= 1 ¢=1
N TN 1 S S ——
2 k "é":-%--f:l/S_ A =
_awinE L A i
- F=_1 S




Dimensionless energy density ¢’ as a
function of mr (the case of mr,=10")
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0.0004 | | _¢=1
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poonz ||
.._.I II. f — 1/4
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_nnonz [
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Dimensionless energy density ¢’ as a
function of mr (the case of mr,=10~)

0.005 ]
= original
i :'275 3
-u.l:n:lj-—
oo} —
~$=1
00z _f? l/_2_
' 'n.nfulé 'zlcln}ig S0 EIJE: G0T
-0.0002 - é'-: 0
zoomed
bk =




Total energy

V.M.Gorkavenko,Yu.A.S., O.B.Stepanov. Intern.J.Mod.Phys.A 26, 3889 (2011)
00
00
E=2n f t rdr
0

E _ =6.944x10""

mVO:

E__ . =0.000165

mry

E . =0.0106

mr



Conclusions

Cosmic string induces current and magnetic field in the vacuum
Cosmic string induces energy-momentum tensor in the vacuum
Generalization to arbitrary dimensions of space-time
Finite thickness effects:

— £<1/4 1spreferable

— Casimir force acts to widen the string

— vacuum energy 1s positive and independent of E
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