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Motivation

Why Noncommutativity? Physics at small distances (high
energies) not very well understood.

Original motivation: to solve the problem of divergences in QFT.

Recent motivation: quantum Hall effect, appears in string theory,
playground for Quantum theory of gravity, new effects in QFT, . . .
[Douglas, Nekrasov ’01; Szabo ’01, ’06,; Castellani ’00;. . . ]

Why noncommutative NC gravity?

No renormalizable gravity theory (yet), modified gravity theory
could explain the problems such as Dark matter and Dark
energy,. . .

How to do NC gravity? Not clear, different approaches: twisted
diffeomorphism symmetry [Aschieri, Blohmann, Dimitrijević, Meyer, Schupp,

Wess ’05, ’06], NC Lorentz gauge theory [Chamseddine ’01,’04, Cardela,

Zanon ’03, Aschieri, Castellani ’09,’12],. . .



Reminder I: Commutative AdS gauge theory

The ispometry group of AdS space-time is the SO(2, 3) group. It
is generated by MAB , A,B = 0, . . . , 3, 5 and

[MAB ,MCD ] = i(ηADMBC +ηBCMAD−ηACMBD−ηBDMAC ), (1)

with the metric tensor ηAB = diag(+,−,−,−,+).

Various representations of (1); especially useful representation is
given in terms of gamma matrices:

MAB =
i

2
[ΓA, ΓB ] , {ΓA, ΓB} = 2ηAB . (2)

Here ΓA = (iγaγ5, γ5), γ5 = γ5 = iγ0γ1γ2γ3 and a = 0, . . . , 3.

Note that

Mab =
i

4
[γa, γb] =

1

2
σab, M5a =

i

2
γa. (3)



If we introduce momenta Pa = 1
l Ma5, where the constant l has

dimension of length, the AdS algebra (1) becomes

[Mab,Mcd ] = i(ηadMbc + ηbcMad − ηacMbd − ηbdMac),

[Mab,Pc ] = i(ηbcPa − ηacPb),

[Pa,Pb] = −i 1

l2
Mab. (4)

In the limit l →∞ AdS algebra reduces usual Poincaré algebra in
4D spacetime, Inonü-Wigner contraction.

This can be used to generate General Relativity (GR) from AdS
gauge theory on 4 dimensional Minkowski space-time.



Gauge parameter

ε =
1

2
εABMAB =

1

4
εabσab +

1

2
εa5γa. (5)

Gauge field

ωµ =
1

2
ωAB
µ MAB =

1

4
ωabσab +

1

2
ωa5
µ γa. (6)

Infinitesimal gauge transformations are given by

δεωµ = ∂µε+ i [ε, ωµ]. (7)

Field strength tensor

Fµν = ∂µων − ∂νωµ − i [ωµ, ων ] =
1

2
FAB
µν MAB

=
1

4

(
Rab
µν −

1

l2
(eaµe

b
ν − ebµe

a
ν)
)
σab +

1

2
F a5
µνγa, (8)

with

Rab
µν = ∂µω

ab
ν − ∂νωab

µ + ωa
µcω

cb
ν − ωb

µcω
ca
ν ,

F a5
µν =

1

l

(
Dµe

a
ν − Dνe

a
µ

)
, Dµe

a
ν = ∂µe

a
ν + ωa

µbe
b
ν .



The action is given by [Stelle, West ’80, MacDowell, Mansouri ’77]

S =
il

64πGN
Tr

∫
d4xεµνρσFµνFρσΦ+λ

∫
d4x
(1

4
Tr Φ2−l2

)
, (9)

with Φ = ΦAΓA and δεΦ = i [ε,Φ]; GN is the Newton’s
gravitational constant and λ is the Lagrange multiplier.

The constraint on Φ is Tr Φ2 = l2. Choosing Φa = 0 and Φ5 = l
breaks SO(2, 3) symmetry down to SO(1, 3) gauge symmetry. The
action after SSB is

S = − il2

64πGN

∫
d4xεµνρσTr (FµνFρσγ5) (10)

=
1

16πGN

∫
d4x
( l2

16
εµνρσεabcdR

ab
µν R cd

ρσ +
√
−gR − 2

√
−gΛ

)
and Λ = −3/l2,

√
−g = det eaµ, R = R ab

µν e µ
a e ν

b .



Comments:

-variables in (10) are spin connection ωµ and vielbeins eµ. They
are independent, 1st order formalsim.

-(10) is invariant under SO(1, 3) gauge symmetry, while the
diffeomorphism symmetry appears as a consequence of SSB, see
[Stelle, West ’80].

-varying (10) with respect to ωµ and vielbeins eµ gives equations
of motion for these fields. The spin connection in not dynamical
(the equation of motion is algebraic, the zero-torsion condition)
and can be expressed in terms of vielbeins, 2nd order formalism.

-(10) written in the 2nd order formalism has three terms:
Gauss-Bonnet topological term, Einstein-Hilbert term and the
cosmological constant term.



NC gauge theory via SW map

We work with canonical (θ-constant) noncommutativity and in the
?-product approach (representation of the NC algebra of functions
on the space of commuting coordinates):

f · g → f ? g = e
i
2 θ
αβ ∂

∂xα
∂

∂yβ f (x)g(y)|y→x

= f · g + i
2θ
αβ(∂αf )(∂βg)

− 1
8θ
αβθκλ(∂α∂κf )(∂β∂λg) + . . .

ε, Φ, ωµ, Fµν → ε̂, Φ̂, ω̂µ, F̂µν = ∂µω̂ν − ∂ν ω̂µ − i [ω̂µ ?, ω̂ν ]

δεΦ = i [ε,Φ] → δ?ε Φ̂ = i [ε̂ ?, Φ̂]

δεωµ = ∂µε+ i [ε, ωµ] → δ?ε ω̂µ = ∂µε̂+ i [ε̂ ?, ω̂µ]

δεFµν = i [ε,Fµν ] → δ?ε F̂µν = i [ε̂ ?, F̂µν ]



?-commutators do not close in the Lie algebra of the gauge group.
Example: ε̂1,2 = ε̂ a

1,2T
a, [T a,T b] = if abcT c and

[ε̂1
?, ε̂2] = ε̂1 ? ε̂2 − ε̂2 ? ε̂1

=
1

2
{ε̂ a

1
?, ε̂ b

2 }[T a,T b] +
1

2
[ε̂ a

1
?, ε̂b2]{T a,T b}

/∈ Lie algebra

except for NC U(N) gauge theory. In general, NC gauge parameter
and NC gauge fields have to be enveloping algebra-valued:

ω̂µ = ω(0)a
µ T a + ω(1)ab

µ

1

2
{T a,T b}

+ω(2)abc
µ

1

3!

∑
σ

T σ(a)T σ(b)T σ(c) + . . .

New fields ω
(1)ab
µ , ω

(2)abc
µ , . . .⇒ new degrees of freedom, infinitely

many!



The main idea of the Seiberg-Witten map: NC gauge
transformations are induced by the commutative ones, δε → δ?ε .
Then:

ε̂ = ε̂(ε, ωµ), ω̂µ = ω̂µ(ωµ), Φ̂ = Φ̂(Φ, ωµ). (11)

The consistency relation for gauge transformations

(δ?ε1
δ?ε2
− δ?ε2

δ?ε1
)Φ̂ = δ?−i [α,β]Φ̂

yields the solution for ε̂(ε, ωµ):

ε̂(ε, ωµ) = εaT a − 1

4
θαβ{ωα, ∂βε}+ . . . (12)

NC filed Φ̂ with δ?ε Φ̂ = i [ε̂ ?, Φ̂]:

Φ̂ = ΦaT a − 1

4
θαβ{ωα, ∂βΦ + DβΦ}+ . . . , (13)

with DβΦ = ∂βΦ− i [ωβ,Φ].



NC gauge field ω̂µ with δ?ε ω̂µ = ∂µε̂+ i [ε̂ ?, ω̂µ]:

ω̂µ = ωa
µT

a − 1

4
θαβ{ωα, ∂βωµ + Fβµ}+ . . . . (14)

The main result of the SW map: No new degrees of freedom, NC
gauge theory and the corresponding commutative gauge theory
have the same number of degrees of freedom! Construction of the
higher order solutions is not a problem, [Ulker, Yapiskan ’08, Aschieri,

Castellani ’11].



AdS NC gravity: construction

We are interested in a NC generalization of (9). However, there
are problems with the breaking of NC symmetry (work in progress):

SO(2, 3)? ←→ SO(2, 3)

ssb\ ↓ ↓ ssb

SO(1, 3)? ←→ SO(1, 3)

Therefore, we start from the action (10) and construct its NC
generalization.



We start from

S = − il2

64πGN

∫
d4xεµνρσ

(
Tr (R̂µν ? R̂ρσγ5) (15)

−2i

l2
Tr (R̂µν ? Êρ ? Êσγ5) +

1

l4
Tr (Êµ ? Êν ? Êρ ? Êσγ5)

]
,

with:

-NC SO(1, 3)? gauge potential: ω̂µ = ωµ + ω̂
(1)
µ + ω̂

(2)
µ + . . .

-NC vielbeins: Êµ = eµ + Ê
(1)
µ + Ê

(2)
µ + . . .

-NC curvature tensor:

R̂µν = ∂µω̂ν − ∂ν ω̂µ − i [ω̂µ ?, ω̂ν ]

= Rµν + R̂(1)
µν + R̂(2)

µν + . . . .



The action is invariant under the NC SO(1, 3)? symmetry
(important: the integral is cyclic). The NC fields transform as:

δ?ε ω̂µ = ∂µε̂+ i [ε̂ ?, ω̂µ],

δ?ε R̂µν = i [ε̂ ?, R̂µν ],

δ?ε Êµ = i [ε̂ ?, Êµ]. (16)

The NC fields are valued in the universal enveloping algebra (UEA)
of SO(1, 3). The ?-commutators in (16) only close in UEA.

We use the SW map to expand NC fields in terms of the

corresponding commutative fields and calculate Ê
(1)
µ , Ê

(2)
µ , . . . .



For NC vielbeins we find

Ê (n+1)
µ = − 1

4(n + 1)
θκλ
(
{ω̂κ ?, ∂λÊµ + DλÊµ}

)(n)

(17)

Êµ = eµ −
1

4
θκλ{ωκ, ∂λeµ + Dλeµ}+ . . .

Êµ = E a
µγa + E 5a

µ γaγ5,

with DλÊµ = ∂λÊµ − i [ω̂λ ?, Êµ].

The NC curvature tensor is given by

R̂(n+1)
µν = − 1

4(n + 1)
θκλ
(
{ω̂κ ?, ∂λR̂µν + DλR̂µν}

)(n)

+
1

2(n + 1)
θκλ
(
{R̂µκ, ?, R̂νλ}

)(n)

R̂µν = Rµν −
1

4
θκλ{ωκ, ∂λRµν + DλRµν}+

1

2
θκλ{Rµκ,Rνλ}+ . . .(18)

=
1

4
R̃ ab
µν σab + R̃µν I + R̃5

µνγ5.



AdS NC gravity: expansion

Solutions of the SW map we insert into the action (15) and
calculate corrections. We find:

S (0) = commutative action (10)

S (1) = 0 unfortunately!!!

S (2) = very complicated, not manifestly gauge invariant,

no explicit results existed until June 2012.

Shortcut: SW map for composite fields [Aschieri, Castellani, Dimitrijevic,

’12].

An example:

(Êµ ? Êν)(1) = Ê (1)
µ eν + eµÊ

(1)
ν +

i

2
θαβ∂αeµ∂βeν (19)

= −1

4
θαβ{ωα, ∂β(eµeν) + Dβ(eµeν)}+

i

2
θαβ(Dαeµ)(Dβeν).



Similarly one calculates all other products that appear in the action
(15). Some examples:

(R̂µν ? Êρ ? Êσ)(1) = R̂(1)
µν (eρeσ) + Rµν(Êρ ? Êσ)(1) +

i

2
θαβ∂α(Rµν)∂β(eρeσ)

= −1

4
θαβ{ωα, ∂β(Rµνeρeσ) + Dβ(Rµνeρeσ)}

+
i

2
θαβ(DαRµν)Dβ(eρeσ)

+
1

2
θαβ{Rαµ,Rβν}eρeσ +

i

2
θαβRµν(Dαeρ)(Dβeσ),

(R̂αβ ? R̂µν)(1) = −1

4
θκλ{ωκ, ∂λ(RαβRµν) + Dλ(RαβRµν)}

+
i

2
θκλ(DκRαβ)(DλRµν) +

1

2
θκλ({Rκα,Rλβ}Rµν

+Rαβ{Rκµ,Rλν}),



The first order correction of the Einstein-Hilbert term is

S
(1)
EH =

1

64πGN
εµνρσ

∫
d4xTr

(
R̂µν ? (Êρ ? Êσ)γ5

)(1)

= − 1

256πGN
εµνρσθαβ

∫
d4xTr γ5

(
{Rαβ ,Rµν}eρeσ

−2{Rαµ,Rβν}eρeσ − 2iRµν(Dαeρ)(Dβeσ)
)

↓

S
(2)
EH = − 1

512πGN
εµνρσθαβ

∫
d4xTr γ5

(
{R̂αβ ?, R̂µν} ? Êρ ? Êσ

−2{R̂αµ ?, R̂βν} ? Êρ ? Êσ − 2i R̂µν ? (DαÊρ) ? (DβÊσ)
)(1)

.

Similarly to (17), one can also formulate recursive relations for the
action . . . .



Inserting these expressions and calculating traces explicitly, we
obtain

S
(2)
GB = − l2

1024πGN
θκλθρσεµναβεabcd

∫
d4x
[
R cd
αβ R

ab
µκ R

mn
νρ Rλσmn

−1

2
R cd
αβ R

ab
µκ R

mn
νλ Rρσmn + R mn

αβ RµκmnR
ab
νρ R

cd
λσ

+R mn
µρ RνσmnR

ab
ακR

cd
βλ −

1

2
R ab
ακR

cd
βλ R

mn
ρσ Rµνmn

]
, (20)

S
(2)
CC = − 1

512πGN l2
θκλθαβ

∫
d4xe

(
6R ab

καRλβab − 3R ab
αβ Rκλab

+4R γδ
αβ (Dκeµ)a(Dλeγ)b(eµa eδb + eµb eδa) (21)

−4R γδ
αβ (Dκeγ)a(Dλeδ)a + 4(DκDαeµ)a(DλDβeν)b(eµa e

ν
b − eµb e

ν
a )

−8R γδ
κα (Dβeγ)a(Dλeδ)a + 8R γδ

κα (Dβeγ)a(Dλeµ)b(eµa eδb + eµb eδa)
)
,



S
(2)
EH = − 1

512πGN
θαβθκλ

∫
d4xe

(1

2
R µν
κλ R γδ

αβ Rµνγδ

+Rκλρσ(
1

2
R µν
αβ R ρσ

µν − 2R µσ
αβ R ρ

µ +
1

2
RR ρσ

αβ

+4R ρσ
βν R ν

α + 4R ρ
α R σ

β − 4R νρ
αµ R µσ

βν )

−2R µν
κλ R γδ

αµ Rβνγδ − RR γδ
κα Rλβγδ

−Rµνρσ(2R µν
κα R ρσ

λβ + 4R µσ
κα R νρ

λβ )

−4R ν
α R γδ

κβ Rλνγδ + 2Rαµρσ(2R µν
κβ R ρσ

λν

−4R ρ
λ R µσ

κβ + 4R νρ
κβ R µσ

λν + 2R ρσ
κβ R µ

λ )

+4eµb e
ν
c ((DκRαβ)mb(DλRµν)cm − 2(DκRαµ)mb(DλRβν)cm)

+(Dκeρ)m(Dλeσ)m(2R µν
αβ R ρσ

µν + 8R µρ
αβ R σ

µ + 2RR ρσ
αβ

−8R ρσ
αµ R µ

β − 8R ρ
β R σ

α − 8R νρ
αµ R µσ

βν )

−2(DκDαeρ)c(DλDβeσ)d(R(eρc e
σ
d − eσc e

ρ
d )− 3R ρ

ν eνc e
σ
d

+3R σ
ν eνc e

ρ
d + R ρ

ν eσc e
ν
d − R σ

ν eρc e
ν
d + 2R ρσ

µν eµc e
ν
d )

+4(Dλeσ)aR bm
µν (Dαeρ)m(R µν

κβ (eρa e
σ
b − eσa e

ρ
b ) (22)

+2R µσ
κβ (eνa e

ρ
b − eρa e

ν
b )− 2R µρ

κβ (eνa e
σ
b − eσa e

ν
b ) + 2R ρσ

κβ eµa e
ν
b )
)
.



Conclusions & Outlook

I NC gravity action
-2nd order calculated explicitly; written in a manifestly gauge
covariant way; correction terms are functions of R ab

µν and e a
µ ,

their contractions and their covariant derivatives
-EOM? Can one go from the 1st order formalism to the 2nd
order formalism? Does NC generates torsion?
-phenomenological consequences, connection with f (R)
theories?
-understanding of the model: corrections to GR solutions
(black holes, gravitational waves,. . . )

I future investigation
-NC SO(2, 3)? symmetry and SSB in NC theory
-SW map for composite fields and renormalization of gauge
theories
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