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Motivation

Why Noncommutativity? Physics at small distances (high
energies) not very well understood.

Original motivation: to solve the problem of divergences in QFT.

Recent motivation: quantum Hall effect, appears in string theory,
playground for Quantum theory of gravity, new effects in QFT, ...
[Douglas, Nekrasov '01; Szabo '01, '06,; Castellani '00;. .. |

Why noncommutative NC gravity?

No renormalizable gravity theory (yet), modified gravity theory
could explain the problems such as Dark matter and Dark
energy,. ..

How to do NC gravity? Not clear, different approaches: twisted
difFeomorphism symmetry [Aschieri, Blohmann, Dimitrijevi¢, Meyer, Schupp,
Wess '05, '06], NC Lorentz gauge theory [Chamseddine '01,'04, Cardela,
Zanon '03, Aschieri, Castellani ’09,’12],. ..



Reminder |: Commutative AdS gauge theory

The ispometry group of AdS space-time is the SO(2, 3) group. It
is generated by Mag, A,B=0,...,3,5 and

[Mag, Mcp] = i(napMgc +n8cMap —nacMpp —nepMac), (1)
with the metric tensor nag = diag(+, —, —, —, +).

Various representations of (1); especially useful representation is
given in terms of gamma matrices:

i
Mag = E[FA’ rel, {Fa.es}=2nas. (2)

Here T4 = (iva75,75), 75 = 7> = i"°y1v?43 and a =0,...,3.
Note that

1 ]
M [')’aa ’Vb] Uaba M5a = 573- (3)



If we introduce momenta P, = %I\/Ia5, where the constant / has
dimension of length, the AdS algebra (1) becomes

[Map, Mgl = i(MadMbe + Mo Mag — Nac Mg — b Mac),
[Mab7 Pc] = i(nbcPa - ﬁach),
1
[Pa, Pp] = —’TZMab' (4)

In the limit / — oo AdS algebra reduces usual Poincaré algebra in
4D spacetime, Inoni-Wigner contraction.

This can be used to generate General Relativity (GR) from AdS
gauge theory on 4 dimensional Minkowski space-time.



Gauge parameter

1 1
€= §€ABMAB = ZE Oap + 553573
Gauge field
1 1 1
w“ = EwﬁBMAB = ZwabUab =+ 5002573.

Infinitesimal gauge transformations are given by
Oy, = Oye + ie, wy].

Field strength tensor

. 1
Fo = 0w, — 0w, —ilw,,w)] = EF:‘f/\/IAB
1 1 1
= (R — (eiel — ebel))oas + 5 FE,
with
Rzg = ('Lwib — 8,,wff’ + wzcwﬁb — wﬁcw§a7

1
= - (D,Jeya _ Due;), Due, = due,” +wipe,

b



The action is given by [Stelle, West '80, MacDowell, Mansouri '77]

S =

647r GN Tr / A€M P7 F oy F oy ®+ A / d4 Tr ®2— | ) (9)
with ® = A4 and §.® = i[e, ®]; Gy is the Newton's
gravitational constant and A is the Lagrange multiplier.

The constraint on ® is Tr®? = /2. Choosing ®? = 0 and ¢° =/
breaks SO(2,3) symmetry down to SO(1,3) gauge symmetry. The
action after SSB is

il? oo
S = e / AP Tr (o Fporys) (10)
1 &
— d4 (7 /J,Vpo’aCRabRCd —oR — 2./— /\>
167rGN/ X\16¢  Cabed s Moo’ V8 V=

and A = -3/, \/—g =dete;, R=R abea e).



Comments:

-variables in (10) are spin connection w, and vielbeins e,. They
are independent, 1st order formalsim.

-(10) is invariant under SO(1, 3) gauge symmetry, while the
diffeomorphism symmetry appears as a consequence of SSB, see
[Stelle, West ’80].

-varying (10) with respect to w,, and vielbeins e, gives equations
of motion for these fields. The spin connection in not dynamical
(the equation of motion is algebraic, the zero-torsion condition)

and can be expressed in terms of vielbeins, 2nd order formalism.

-(10) written in the 2nd order formalism has three terms:
Gauss-Bonnet topological term, Einstein-Hilbert term and the
cosmological constant term.



NC gauge theory via SW map

We work with canonical (f-constant) noncommutativity and in the
*-product approach (representation of the NC algebra of functions
on the space of commuting coordinates):

ipaB_08__98
fg S frg=e TR A(0)g(y) ]y
= f g+ 50°P(0aF)(0p8)

— 20980 (06,0, )(030:8) + - .-

€, D, wy, Fuu — &0, 0, F, =00, — 0,0, — [0, * )]
5. = ife, D] - 5:d = i[e * d]
Sewy = Ope + ife,wy] — 820, = e+ i[e % &,

6cFu =ile, F] = 6 F = i[e% Fu



*-commutators do not close in the Lie algebra of the gauge group.
Example: é10 = 6,572, [T2, T?] = ifbT¢ and

[E11é] = éxé—éxé
1 1
= 5{613 Y &PHTE, TP+ 5[313 {1, Th)
¢ Lie algebra

except for NC U(N) gauge theory. In general, NC gauge parameter
and NC gauge fields have to be enveloping algebra-valued:

1
&\)H — wl(LO)a Ta + w,gl)abE{Tav Tb}
1
(2)b7§ o(a) To(b) Jo(c)
+wuac3! TaT TC+
New fields wl(tl)ab, wf)abc, ...= new degrees of freedom, infinitely

many!



The main idea of the Seiberg-Witten map: NC gauge
transformations are induced by the commutative ones, . — 47.
Then:

A

é=¢é(e,wp), @ =@u(wu), b = &(cb,wﬂ). (11)

The consistency relation for gauge transformations

(62,02, — 05,65)® = 6 1 9 ®
yields the solution for &(e,w,,):
é(e,wy) = €T — %Haﬂ{wa, Oge} + ... (12)
NC filed ® with 6*® = j[¢ * ]
d =0T — %eaﬁ{wa,am + Dgd} + ..., (13)

with Dﬂq) = ag(b = i[(,Ug, ¢]



NC gauge field &, with 070, = 0,€+ i[€ % D]
1
Oy =wiT? - Zeaﬁ{wa, Opwy + Fau} + ... (14)

The main result of the SW map: No new degrees of freedom, NC
gauge theory and the corresponding commutative gauge theory
have the same number of degrees of freedom! Construction of the
higher order solutions is not a problem, [Ulker, Yapiskan '08, Aschieri,
Castellani ’11].



AdS NC gravity: construction

We are interested in a NC generalization of (9). However, there
are problems with the breaking of NC symmetry (work in progress):

50(2,3), «— S50(2,3)
sgb | 1 ssb

50(1,3), <«— S0(1,3)

Therefore, we start from the action (10) and construct its NC
generalization.



We start from

_ 4 uvpo
S 64TGN /d e (Tr(R,w * Ro0y5) (15)
2i P L (B v E < E + B
,T;TF(R/,LV * Ep * Ea’y5) + FTr (EH * B, % Ep * Eg"}/5):| ’
with:

-NC SO(1, 3), gauge potential: &, =w, +& (1) + @ ( ) ¢
-NC vielbeins: £, = e, + EN + E?) +
-NC curvature tensor:
Ry = 8,y — 8,0, — i[d, * &)
= Ru+RY+RD+....



The action is invariant under the NC SO(1,3), symmetry
(important: the integral is cyclic). The NC fields transform as:

6@y = Ouetilerayl,
R, = i[é* R,
5rE, = i[é%E). (16)

The NC fields are valued in the universal enveloping algebra (UEA)
of SO(1,3). The x-commutators in (16) only close in UEA.

We use the SW map to expand NC fields in terms of the

corresponding commutative fields and calculate E(l), l:'-_f), e



For NC vielbeins we find
(n)

2 1 2 A
(n+1) _ KA P —
EC TCES ({wﬁ E, + DAE;L}) (17)
. 1
EH = e, — ZG“{wma,\eH—i—D,\eu}—i—...

‘Em ¢

— 3
= E:"Ya + Eua’yta’%a
with DA\E, = O\E, — [y * E].

The NC curvature tensor is given by

. 1 . NN )
R = — X ({@ ¥ OARu + DAR
Al (T IC)
1 N2 NG
——— 0" ({R.,* R,
+2(n+ 1)0 ({ UKy ) k})
. 1 1
R = Ru — Zé)""\{wm@,\RW + DyRu} + E9’“{RM, R,\} +18)

1~ ~ ~
— ZRijboab + Rl + RS, 75



AdS NC gravity: expansion

Solutions of the SW map we insert into the action (15) and
calculate corrections. We find:

SO = commutative action (10)
SM) = 0unfortunately!!!
s@ = very complicated, not manifestly gauge invariant,

no explicit results existed until June 2012.

Shortcut: SW map for composite fields [Aschieri, Castellani, Dimitrijevic,

'12].
An example:
B+ B)YD = EMe, +e, B + 26°0,0,0e, (19)

1 .
= 30" {was Da(eue,) + Daleuer)} + 56°(Dac,)(Dse,).



Similarly one calculates all other products that appear in the action
(15). Some examples:

(G p*éa)(l) = kﬁlr)(epea)+RuV(Ep*Ea)( 6)aﬁa( Ruv)0s(epes)
14
= —19 ﬁ{wa,aﬁ(RMVE;)eo-)‘FD,(j‘(R;u/epeo')}

i o
+§9 5(DQR;W)D[3(GPGU)

14 [
"’59 B{Rau»Rﬁv}epev + 59 BRW(Daep)(DBeo)v

N N 1.
(Rap *RW)(I) = *Ze )\{WN»&\(R&[?RW) + DA(RapRuv)}

] K 1 K
+50" (DxRas) (DARuw) + 56" ({Rea, Ras)} Ruv
+RD¢B{RHMR>\V})>



The first order correction of the Einstein-Hilbert term is

) 1, R L (1)
SO = e / dAxTr (RW*(E,,*EJ)%>

1
. — / d*xTrs ({Rap, Ruv }epes

2567 Gy
~2{Rap Rov}epes — 2iRyu(Dae,)(Dpe,))
1
2 1 vpo o B« B = -
ng) = _5127TGN6M p eaﬁ/d‘*mes({Raﬂ *Ru}xE,x E,

. . NG
~2{Rup s Rov} # By x By = 2iR0 % (DaBy)  (DsE,))

Similarly to (17), one can also formulate recursive relations for the
action . ...



Inserting these expressions and calculating traces explicitly, we
obtain

2
(2) _ / KA ppo _praf3 4 cd ab mn
Sée = —mé’ 677 ¢ Gabcd/d X[Raﬁ R Rup Rxomn
1 Ct a mn mn a. Ct

_E a[ngnb vA pamn+ Raﬂ unmnRyprAzrd

FR Ry mn R RS — %Raif’RB&d R, R,wmn], (20)
@ _ 1 goges [ ( R.22Rasab — 3RLER
Sce 5127 G2 xe|6R,.o Rxgab — 3Ro3 Rexab

+4R,, 7’ (Dreu)’(Dxey)’ (el ess + e esa) (21)

—4R,;°(Dxe;y)’(Dres)s + 4(DxDaey)’(DrDge,) (el ef — efiel)
—8R.J°(Dse,)*(Dres)a + 8R.J° (Dsey)’(Dren )b (el esy + el‘;e(;a)),



2 _ 1 afl prA 4 1 pv ¥é
S = st /dxe(sz R 3% Ruvns

1 v o g 1 {og
+RN)\pG(§R‘1ﬁM R‘Lup - ZRQBH R#p + ERRO‘;
+4R, 7R, + AR RS — 4R, P R,7)
_2Rn)\ul/ RO&I]&RBV’YJ - RRno:/é R)\B’yé
—RWPU(ZRM‘”RW’” + 4R, }[° le’p
_4RaVRH576 Rxv+s + 2Raup0(2RnﬁuuR>\upa
74RAPRFU5”° + 4Rﬂﬁ"pR/\U“0 + ZRH;UR)\”)
+4ef el (DxRap)™ (DaRu ) m — 2(DrRap) ™ (DARs.) )
+(Drep)"(Dres)m(2R, 47 Rl +8R, 1R, + 2RR, 17
—8R,/7 R — 8RR, — 8R,, " Ry,")
—2(D.Dye,)(DrDses ) (R(ef e — ele))—3R ele]
+3R, ele] + R elef — R,7eley + 2R, eley)
+4(Dxex)* R (Daty)m(R, 4" (efe] — €Zef) (22)

+2Rnﬂ““(e;’e[j —efey) — 2Rnﬁ“p(e:eg —ejey)+ 2Rnﬂp"e§‘ef,')).



Conclusions & Outlook

» NC gravity action
-2nd order calculated explicitly; written in a manifestly gauge
covariant way; correction terms are functions of Rujb and e,
their contractions and their covariant derivatives
-EOM? Can one go from the 1st order formalism to the 2nd
order formalism? Does NC generates torsion?
-phenomenological consequences, connection with f(R)
theories?
-understanding of the model: corrections to GR solutions
(black holes, gravitational waves,. . .)

» future investigation
-NC SO(2, 3),. symmetry and SSB in NC theory
-SW map for composite fields and renormalization of gauge
theories
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