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Abstract

We consider nonlocal modified gravity without matter, where nonlocality is of
the form H(R)F(2)G(R). Equations of motion are usually very complex and
their derivation is not available in the research papers. In this paper we give the
corresponding derivation in detail.

Key words: Modified gravity, nonlocal gravity, variational principle, equations
of motion.

1. Introduction

Einstein’s theory of gravity, which is General Relativity, is given by Einstein-
Hilbert action which Lagrangian contains Ricci scalar in the linear form.
The first attempts to modify Einstein’s theory of gravity started soon after
its appearance and they were mainly inspired by investigation of possi-
ble mathematical generalizations. The discovery of accelerating expansion
of the Universe in 1998 has not so far generally accepted theoretical ex-
planation and it has produced an intensive activity in general relativity
modification during the last decade.

In this paper, we consider nonlocal modification of gravity (for a review,
see [1, 2, 3, 4]). Under nonlocal modification of gravity we understand
replacement of the scalar curvature R in the Einstein-Hilbert action by a
suitable function F (R,2), where 2 = ∇µ∇µ is d’Alembert operator and∇µ
denotes the covariant derivative. Here, nonlocality means that Lagrangian
contains an infinite number of space-time derivatives, i.e. derivatives up to
an infinite order in the form of d’Alembert operator 2 which is argument
of an analytic function.

We consider a class of nonlocal gravity models without matter, given by
the next action

S =

∫
d4x

√
−g

(R− 2Λ

16πG
+ CH(R)F(2)G(R)

)
, (1)
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where F(2) =

∞∑
n=0

fn2
n, H and G are differentiable functions of the scalar

curvature R, Λ is cosmological constant and C is a constant. The corre-
sponding Einstein equations of motion are rather complex and their deriva-
tion is not available in the research papers. In this paper we will present
their derivation. In order to obtain equations of motion for gµν we must
find the variation of the action (1) with respect to metric gµν .

2. Some preliminaries

At the beginning we would like to prove the following identities:

δg = ggµνδgµν = −ggµνδgµν , (2)

δ
√
−g = −1

2
gµν

√
−gδgµν , (3)

δR = Rµνδg
µν + gµν2δg

µν −∇µ∇νδg
µν , (4)

∂gµν

∂xσ
= −gµαΓν

σα − gναΓµ
σα, (5)

Γµ
µν =

∂

∂xν
ln

√
−g, (6)

2 =
1√
−g

∂µ
√
−ggµν∂ν , (7)

where g is the determinant of the metric tensor gµν .

The determinant g can be expressed in the following way:

g = gµ0G
(µ,0) + gµ1G

(µ,1) + ...+ gµn−1G
(µ,n−1), (8)

where G(µ,ν) is the corresponding algebraic cofactor and n is space-time
dimension. If we replace elements of the µ row with the elements of the ν
row then the determinant g becomes equal zero, i.e.

0 = gν0G
(µ,0) + gν1G

(µ,1) + ...+ gνn−1G
(µ,n−1). (9)

From this expression we have

gµνG
(α,ν) = gδαµ , (10)

or

gµν
G(α,ν)

g
= δαµ , (11)

where δαµ is Kronecker’s delta symbol.

Metric tensor gαν is defined by

gαν =
G(α,ν)

g
. (12)
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From (10) (here we set α = µ) we get

δg = G(µ,ν)δgµν . (13)

From the last equation and from (12) we obtain

δg = ggµνδgµν . (14)

From gµνg
µν = n we have gµνδgµν = −gµνδgµν which completes the proof

for (2).

We have

δ
√
−g = − 1

2
√
−g

δg. (15)

Finally, using equation (2) we obtain (3).

We know that by definition

R = gµνRµν , (16)

where Rµν = Rη
µην is the Ricci tensor.

The Riemann tensor Rµ
νγη is given by

Rµ
νγη =

∂Γµ
νη

∂xγ
− ∂Γµ

γν

∂xη
+ Γµ

γσΓ
σ
νη − Γµ

σηΓ
σ
γν , (17)

where Γµ
νγ is the Christoffel symbol

Γµ
νγ =

1

2
gµσ(

∂gσγ
∂xν

+
∂gσν
∂xγ

− ∂gνγ
∂xσ

). (18)

It can be shown that

δgµν = −gµαgβνδgαβ , (19)

δgµν = −gµαgβνδgαβ, (20)

δRµ
νγη = ∇γδΓ

µ
ην −∇ηδΓ

µ
γν , (21)

δRµν = ∇γδΓ
γ
µν −∇νδΓ

γ
γµ, (22)

δΓσ
νµ =

1

2
δgσγ(

∂gγµ
∂xν

+
∂gνγ
∂xµ

− ∂gνµ
∂xγ

) +
1

2
gσγ(

∂δgγµ
∂xν

+
∂δgνγ
∂xµ

− ∂δgνµ
∂xγ

).

(23)

From equation (16) we have that the variation of the Ricci scalar is

δR = δgµνRµν + gµνδRµν . (24)
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Using equation (22) we get

δR = δgµνRµν + gµν(∇γδΓ
γ
νµ −∇νδΓ

γ
γµ)

= δgµνRµν +∇σ(g
µνδΓσ

νµ − gµσδΓγ
µγ). (25)

We have used ∇γgµν = 0 (the metric compatibility) and relabeled some
dummy indices.

Now we need to compute the term gµνδΓσ
νµ − gµσδΓγ

µγ . We have

∇γδgµν =
∂δgµν
∂xγ

− Γσ
γµδgσν − Γσ

γνδgµσ. (26)

Using the last equation, equation (23) and the symmetry in the Christoffel
symbol Γµ

νγ = Γµ
γν we obtain

δΓσ
νµ =

1

2
δgσγ

(∂gγµ
∂xν

+
∂gγν
∂xµ

− ∂gνµ
∂xγ

)
+

1

2
gσγ

(
∇νδgγµ +∇µδgγν

−∇γδgνµ + Γλ
νµδgγλ + Γλ

µνδgλγ

)
=

1

2
δgσγ

(∂gγµ
∂xν

+
∂gγν
∂xµ

− ∂gνµ
∂xγ

)
+ gσγΓλ

νµδgγλ +
1

2
gσγ

(
∇νδgγµ

+∇µδgγν −∇γδgνµ

)
. (27)

Now using equation (19) in the second term we get

δΓσ
νµ =

1

2
δgσγ

(∂gγµ
∂xν

+
∂gγν
∂xµ

− ∂gνµ
∂xγ

)
− δgαβgσγgγαgλβΓ

λ
νµ

+
1

2
gσγ

(
∇νδgγµ +∇µδgγν −∇γδgνµ

)
= δgσβgλβΓ

λ
νµ − δgαβδσαgλβΓ

λ
νµ +

1

2
gσγ

(
∇νδgγµ +∇µδgγν

−∇γδgνµ

)
= δgσβgλβΓ

λ
νµ − δgσβgλβΓ

λ
νµ +

1

2
gσγ

(
∇νδgγµ +∇µδgγν

−∇γδgνµ

)
. (28)

Then we have

δΓσ
νµ =

1

2
gσγ(∇νδgµγ +∇µδgνγ −∇γδgνµ). (29)

Similarly,

δΓγ
µγ =

1

2
gσγ∇µδgσγ . (30)
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In order to express the previous result as function of the variations δgµν we
again use (19) and obtain

δΓσ
νµ =

1

2
gσγ

(
∇ν(−gµαgγβδgαβ) +∇µ(−gναgγβδgαβ)−∇γ(−gναgµβδgαβ)

)
= −1

2
gσγ(gµαgγβ∇νδg

αβ + gναgγβ∇µδg
αβ − gναgµβ∇γδg

αβ)

= −1

2
(δσβgµα∇νδg

αβ + δσβgνα∇µδg
αβ − gναgµβg

γσ∇γδg
αβ)

= −1

2
(gµγ∇νδg

σγ + gνγ∇µδg
σγ − gναgµβ∇σδgαβ), (31)

where ∇σ = gσγ∇γ .
Similarly,

δΓγ
µγ = −1

2
gαβ∇µδg

αβ . (32)

Finally, we obtain

gµνδΓσ
νµ − gµσδΓγ

µγ

= −1

2

(
gµνgµγ∇νδg

σγ + gµνgνγ∇µδg
σγ − gµνgναgµβ∇σδgαβ

− gµσgαβ∇µδg
αβ

)
= −1

2

(
δνγ∇νδg

σγ + δµγ∇µδg
σγ − δµαgµβ∇σδgαβ − gµσgαβ∇µδg

αβ
)

= −1

2

(
∇γδg

σγ +∇γδg
σγ − gαβ∇σδgαβ − gαβ∇σδgαβ

)
= −1

2

(
2∇γδg

σγ − 2gαβ∇σδgαβ
)
. (33)

Then we have

gµνδΓσ
νµ − gµσδΓγ

µγ = gαβ∇σδgαβ −∇γδg
σγ . (34)

Substituting this in (25) we obtain the variation of the scalar curvature

δR = δgµνRµν + gαβ∇σ∇σδgαβ −∇σ∇γδg
σγ

= δgµνRµν + gµν2δg
µν −∇µ∇νδg

µν . (35)

Now we want to prove the equation (5).
Using the identity gµαgνα = δµν , we obtain

∂gµα

∂xσ
gνα = −gµα∂gνα

∂xσ
. (36)
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Using the definition of the Christoffel symbols it is easy to show

∂gνα
∂xσ

= gβαΓ
β
νσ + gβνΓ

β
ασ. (37)

Substituting this in (36) we obtain

∂gµα

∂xσ
gνα = −gµα(gβαΓβ

νσ + gβνΓ
β
ασ). (38)

If we multiply the last equation with gνγ and using gνγgνα = δγα we have

∂gµγ

∂xσ
= −gµαgβαgνγΓβ

νσ − gµαgβνg
νγΓβ

ασ = −gνγΓµ
νσ − gµαΓγ

ασ. (39)

Finally, if we replace ν with α and γ with ν in the last equation we obtain
the equation (5).

In order to prove the equation (6) we use the equation (10)

g = gµαG
(µ,α). (40)

From this and using ∂G(µ,α)

∂gµν
= 0 and

∂gµα

∂gµν
= δνα we have

∂g

∂gµν
= gµα

∂G(µ,α)

∂gµν
+G(µ,α)∂gµα

∂gµν
= G(µ,ν), (41)

∂g

∂xµ
=

∂g

∂gαβ

∂gαβ
∂xµ

= G(α,β)∂gαβ
∂xµ

. (42)

Using gαβ = G(α,β)

g the last equation becomes

∂g

∂xµ
= ggαβ

∂gαβ
∂xµ

. (43)

Substituting
∂gαβ

∂xµ from (37) we obtain

∂g

∂xµ
= gΓα

αµ + gΓβ
βµ = 2gΓα

αµ. (44)

From this we obtain equation (6)

Γα
αµ =

∂

∂xµ
ln

√
−g. (45)

In order to prove (7) we write

2φ = ∇µ∇µφ = ∇µ(g
µρ∇ρφ) = ∇µ(g

µρ ∂φ

∂xρ
)

=
∂

∂xµ
(gµρ

∂φ

∂xρ
) + Γµ

µνg
νρ ∂φ

∂xρ
, (46)
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where φ is any scalar function.

Using (6) we obtain

2φ =
∂

∂xµ
(gµν

∂φ

∂xν
) +

∂

∂xν
(ln

√
−g)gνρ ∂φ

∂xρ

=
∂

∂xµ
(gµν

∂φ

∂xν
) +

∂

∂xµ
(ln

√
−g)gµν ∂φ

∂xν
. (47)

On the other hand, we have

1√
−g

∂

∂xµ
(
√
−ggµν ∂φ

∂xν
)

=
1√
−g

( ∂

∂xµ
(
√
−g)gµν ∂φ

∂xν
+

√
−g∂g

µν

∂xµ
∂φ

∂xν
+

√
−ggµν ∂2φ

∂xµ∂xν

)
=

∂

∂xµ
(ln

√
−g)gµν ∂φ

∂xν
+
∂gµν

∂xµ
∂φ

∂xν
+ gµν

∂2φ

∂xµ∂xν

=
∂

∂xµ
(ln

√
−g)gµν ∂φ

∂xν
+

∂

∂xµ
(gµν

∂φ

∂xν
). (48)

From (47) and (48) we can conclude 2φ = 1√
−g
∂µ

√
−ggµν∂νφ for any scalar

function φ.

3. Derivation of equations of motion

Let’s introduce the following actions

S0 =

∫
(R− 2Λ)

√
−g d4x, (49)

S1 =

∫
H(R)F(2)G(R)

√
−g d4x. (50)

then the variation of the action (1) can be expressed as

δS =
1

16πG
δS0 + CδS1. (51)
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3.1. The variation of S0

The variation of S0 can be found as follows

δS0 =

∫
δ((R− 2Λ)

√
−g) d4x

=

∫
δ(R

√
−g) d4x− 2Λ

∫
δ
√
−g d4x

=

∫
(
√
−gδR+Rδ

√
−g) d4x+ Λ

∫
gµν

√
−gδgµν d4x

=

∫
(
√
−gδ(gµνRµν)−

1

2
R
√
−ggµνδgµν) d4x

+ Λ

∫
gµν

√
−gδgµν d4x

=

∫
Rµν

√
−gδgµν d4x+

∫
gµν

√
−gδRµν d

4x

− 1

2

∫
Rgµν

√
−gδgµν d4x+ Λ

∫
gµν

√
−gδgµν d4x

=

∫
(Rµν −

1

2
Rgµν)

√
−gδgµν d4x+ Λ

∫
gµν

√
−gδgµν d4x

+

∫
gµνδRµν

√
−g d4x = 0. (52)

Here we have used equation (3).
Now we want to show that

∫
gµνδRµν

√
−g d4x = 0.

We first introduce

W ν = −gµαδΓν
µα + gµνδΓα

µα. (53)

We have
1√
−g

∂

∂xν
(
√
−gW ν) =

∂W ν

∂xν
+W ν 1√

−g
∂
√
−g

∂xν
. (54)

Using equation (6) we get

1√
−g

∂

∂xν
(
√
−gW ν) = − ∂

∂xν
(gµαδΓν

µα) +
∂

∂xν
(gµνδΓα

µα)

+ (−gµαδΓν
µα + gµνδΓα

µα)Γ
β
νβ

= −∂g
µα

∂xν
δΓν

µα − gµαδ
∂Γν

µα

∂xν
+
∂gµν

∂xν
δΓα

µα + gµνδ
∂Γα

µα

∂xν

+ (−gµαδΓν
µα + gµνδΓα

µα)Γ
β
νβ. (55)
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Now using equation (5) we obtain

1√
−g

∂

∂xν
(
√
−gW ν) = gαβΓµ

νβδΓ
ν
µα + gµβΓα

νβδΓ
ν
µα

−gβνΓµ
νβδΓ

α
µα − gµβΓν

νβδΓ
α
µα − gµαδ

∂Γν
µα

∂xν
+ gµνδ

∂Γα
µα

∂xν

−gµαΓβ
νβδΓ

ν
µα + gµνΓβ

νβδΓ
α
µα

= gµν
(
− δ

∂Γα
µν

∂xα
+ δ

∂Γα
µα

∂xν
+ Γβ

αµδΓ
α
βν + Γα

νβδΓ
β
µα

−Γβ
νµδΓ

α
βα − Γα

βαδΓ
β
µν

)
= gµνδ

(
−
∂Γα

µν

∂xα
+
∂Γα

µα

∂xν
+ Γβ

αµΓ
α
βν − Γα

βαΓ
β
µν

)
= gµνδRµν . (56)

Here we have relabeled some dummy indices.
Finally, we have

gµνδRµν =
1√
−g

∂

∂xν
(
√
−gW ν), (57)∫

gµνδRµν
√
−gd4x =

∫
∂

∂xν
(
√
−gW ν)d4x. (58)

Using the Gauss-Stokes theorem we have∫
∂

∂xν
(
√
−gW ν)d4x =

∫
Σ
W νdσν , (59)

where Σ is boundary of a space-time region of integration.

Since δgµν = 0 and δ(
∂gµν

∂xα ) = 0 at the boundary of region of integration we
have W ν |Σ = 0. Then we have

∫
ΣW

νdσν = 0 and finally∫
gµνδRµν

√
−gd4x = 0. (60)

Substituting this in (52) we obtain the variation of S0

δS0 =

∫
Gµν

√
−gδgµν d4x+ Λ

∫
gµν

√
−gδgµν d4x, (61)

where Gµν = Rµν − 1
2Rgµν is the Einstein tensor.
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3.2. Preliminaries for the variation of S1
1. Using the equation (4), for any scalar function h we have∫

hδR
√
−g d4x

=

∫
(hRµνδg

µν + hgµν2δg
µν − h∇µ∇νδg

µν)
√
−g d4x. (62)

The second and third term in this formula can be transformed in the
following way:∫

hgµν2δg
µν√−g d4x =

∫
gµν2hδg

µν√−g d4x, (63)∫
h∇µ∇νδg

µν√−g d4x =

∫
∇µ∇νh δg

µν√−g d4x. (64)

To prove the first of these equations we use the Stokes’s theorem and
obtain∫

hgµν2δg
µν√−g d4x =

∫
hgµν∇α∇αδgµν

√
−g d4x

= −
∫

∇α(hgµν)∇αδgµν
√
−g d4x

=

∫
∇α∇α(hgµν)δg

µν√−g d4x

=

∫
gµν∇α∇αh δg

µν√−g d4x

=

∫
gµν2h δg

µν√−g d4x. (65)

Here we have used ∇γgµν = 0 and ∇α∇α = ∇α∇α = 2 to obtain the
last integral.

To obtain the second equation we first introduce vector

Nµ = h∇νδg
µν −∇νhδg

µν . (66)

From the above expression we have

∇µN
µ = ∇µ(h∇νδg

µν −∇νhδg
µν)

= ∇µh∇νδg
µν + h∇µ∇νδg

µν −∇µ∇νh δg
µν −∇νh∇µδg

µν

= h∇µ∇νδg
µν −∇µ∇νh δg

µν . (67)

Integrating ∇µN
µ yields
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∫
∇µN

µ√−g d4x =

∫
Σ
NµnµdΣ = 0, (68)

where Σ is boundary of region of integration and nµ is the unit normal
vector. Since Nµ|Σ = 0 we have that the last integral is zero, which
completes the proof.

Finally, we obtain:∫
hδR

√
−g d4x =

∫
(hRµν + gµν2h−∇µ∇νh) δg

µν√−g d4x. (69)

2. Let θ and ψ be scalar functions such that δψ|Σ = 0. Then we have∫
θδ2ψ

√
−g d4x =

∫
θ∂αδ(

√
−ggαβ∂βψ) d4x

+

∫
θδ

(
1√
−g

)
∂α(

√
−ggαβ∂βψ)

√
−g d4x

=

∫
∂α(θδ(

√
−ggαβ∂βψ)) d4x−

∫
∂αθ δ(

√
−ggαβ∂βψ) d4x

+
1

2

∫
θgµν2ψδg

µν√−g d4x. (70)

It is easy to see that
∫
∂α(θδ(

√
−ggαβ∂βψ)) d4x = 0. From this result

it follows∫
θδ2ψ

√
−g d4x

= −
∫
gαβ∂αθ ∂βψδ(

√
−g) d4x−

∫
∂αθ ∂βψδg

αβ√−g d4x

−
∫
gαβ

√
−g∂αθ ∂βδψ d4x+

1

2

∫
θgµν2ψδg

µν√−g d4x

=
1

2

∫
gαβ∂αθ ∂βψgµνδg

µν √
−g d4x−

∫
∂µθ ∂νψδg

µν√−g d4x

−
∫
∂β(g

αβ√−g∂αθ δψ) d4x+

∫
∂β(g

αβ√−g∂αθ) δψ d4x

+
1

2

∫
gµνθ2ψδg

µν√−g d4x

=
1

2

∫
gαβ∂αθ ∂βψgµνδg

µν √
−g d4x−

∫
∂µθ ∂νψδg

µν√−g d4x

+

∫
2θ δψ

√
−g d4x+

1

2

∫
gµνθ2ψδg

µν√−g d4x. (71)
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At the end we have that∫
θδ2ψ

√
−g d4x =

1

2

∫
gαβ∂αθ ∂βψgµνδg

µν √
−g d4x

−
∫
∂µθ ∂νψδg

µν√−g d4x+

∫
2θ δψ

√
−g d4x

+
1

2

∫
gµνθ2ψδg

µν√−g d4x. (72)

3.3. The variation of S1
Now, after this preliminary work we can get the variation of S1.

The variation of S1 can be expressed as

δS1 =

∫
H(R)F(2)G(R)δ(

√
−g) d4x

+

∫
δ(H(R))F(2)G(R)

√
−g d4x

+

∫
H(R)δ(F(2)G(R))

√
−g d4x. (73)

Let us introduce notation

Kµν = ∇µ∇ν − gµν2,

Φ = H′(R)F(2)G(R) + G′(R)F(2)H(R),
(74)

where ′ denotes derivative with respect to R. For the first two integrals in
the last equation we have

I1 =

∫
H(R)F(2)G(R)δ(

√
−g) d4x

= −1

2

∫
gµνH(R)F(2)G(R)δgµν

√
−g d4x, (75)

I2 =

∫
δ(H(R))F(2)G(R)

√
−g d4x =

∫
H′(R)δR F(2)G(R)

√
−g d4x.

Substituting h = H′(R) F(2)G(R) in equation (69) we obtain

I2 =

∫ (
RµνH′(R)F(2)G(R)−Kµν

(
H′(R)F(2)G(R)

))
δgµν

√
−g d4x.

(76)

The third integral can be divided into linear combination of the following
integrals

Jn =

∫
H(R)δ(2nG(R))

√
−g d4x. (77)



Equations of motion in nonlocal modified gravity 193

J0 is the integral of the same form as I2 so

J0 =

∫ (
RµνG′(R)H(R)−Kµν

(
G′(R)H(R)

))
δgµν

√
−g d4x. (78)

For n > 0, we can find Jn using (72).
In the first step we take θ = H(R) and ψ = 2n−1G(R) and obtain

Jn =
1

2

∫
gαβ∂αH(R) ∂β2

n−1G(R)gµνδgµν
√
−g d4x

−
∫
∂µH(R) ∂ν2

n−1G(R)δgµν
√
−g d4x+

∫
2H(R) δ2n−1G(R)

√
−g d4x

+
1

2

∫
gµνH(R)2nG(R)δgµν

√
−g d4x. (79)

In the second step we take θ = 2H(R) and ψ = 2n−2G(R) and get the
third integral in this formula, etc. Using (72) n times we obtain

Jn =
1

2

n−1∑
l=0

∫
gµνg

αβ∂α2
lH(R)∂β2

n−1−lG(R)δgµν
√
−g d4x

−
n−1∑
l=0

∫
∂µ2

lH(R)∂ν2
n−1−lG(R)δgµν

√
−g d4x

+
1

2

n−1∑
l=0

∫
gµν2

lH(R)2n−lG(R)δgµν
√
−g d4x

+

∫ (
RµνG′(R)2nH(R)−Kµν

(
G′(R)2nH(R)

))
δgµν

√
−g d4x. (80)

Using the equation (69) we obtain the last integral in the above formula.
Finally, we can put everything together and obtain

δS1 = I1 + I2 +

∞∑
n=0

fnJn

=− 1

2

∫
gµνH(R)F(2)G(R)δgµν

√
−g d4x

+

∫
(RµνΦ−KµνΦ) δg

µν√−g d4x

+
1

2

∞∑
n=1

fn

n−1∑
l=0

∫
gµνg

αβ∂α2
lH(R)∂β2

n−1−lG(R)δgµν
√
−g d4x
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−
∞∑
n=1

fn

n−1∑
l=0

∫
∂µ2

lH(R)∂ν2
n−1−lG(R)δgµν

√
−g d4x

+
1

2

∞∑
n=1

fn

n−1∑
l=0

∫
gµν2

lH(R)2n−lG(R)δgµν
√
−g d4x. (81)

3.4. The variation of S and the equations of motion

We have

δS =

∫
Gµν + Λgµν

16πG
δgµν

√
−g d4x+ CδS1. (82)

From δS = 0 we obtain the equations of motion (EOM). We can write the
EOM in the form

Gµν + Λgµν
16πG

+ C
(
− 1

2
gµνH(R)F(2)G(R) + (RµνΦ−KµνΦ)

+
1

2

∞∑
n=1

fn

n−1∑
l=0

(
gµνg

αβ∂α2
lH(R)∂β2

n−1−lG(R)

− 2∂µ2
lH(R)∂ν2

n−1−lG(R) + gµν2
lH(R)2n−lG(R)

))
= 0, (83)

where Kµν and Φ are given by expressions (74).

In the case when the metric is homogeneous and isotropic, i.e. Friedmann-
Lemâıtre-Robertson-Walker (FLRW) metric, the last equation is equivalent
to the following system (trace and 00 component):

4Λ−R

16πG
+ C

(
− 2H(R)F(2)G(R) + (RΦ+ 32Φ) (84)

+
∞∑
n=1

fn

n−1∑
l=0

(
∂µ2

lH(R)∂µ2n−1−lG(R) + 22lH(R)2n−lG(R)
))

= 0,

G00 + Λg00
16πG

+ C
(
− 1

2
g00H(R)F(2)G(R) + (R00Φ−K00Φ)

+
1

2

∞∑
n=1

fn

n−1∑
l=0

(
g00g

αβ∂α2
lH(R)∂β2

n−1−lG(R)

− 2∂02
lH(R)∂02

n−1−lG(R) + g002
lH(R)2n−lG(R)

))
= 0. (85)
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4. Conclusion

In this paper we have considered a nonlocal gravity model without matter
given by the action in the form

S =

∫
d4x

√
−g

(R− 2Λ

16πG
+ CH(R)F(2)G(R)

)
. (86)

We have derived the equations of motion for this action. In many research
papers there are equations of motion which are a special case of our equa-
tions. In the case H(R) = G(R) = R we obtain

S =

∫
d4x

√
−g

(R− 2Λ

16πG
+ CRF(2)R

)
. (87)

Studies of this model can be found in [2, 3, 4, 8]. The case H(R) = R−1

and G(R) = R we analyze in [10].

Investigation of equations of motion and finding its solutions is a very
difficult task. Using ansätze we can simplify the problem and get some
solutions. For some examples of ansätze see [7, 9].
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