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ABSTRACT

We consider nonlocal modified gravity without matter, where nonlocality is of
the form H(R)F(O)G(R). Equations of motion are usually very complex and
their derivation is not available in the research papers. In this paper we give the
corresponding derivation in detail.
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1. Introduction

Einstein’s theory of gravity, which is General Relativity, is given by Einstein-
Hilbert action which Lagrangian contains Ricci scalar in the linear form.
The first attempts to modify Einstein’s theory of gravity started soon after
its appearance and they were mainly inspired by investigation of possi-
ble mathematical generalizations. The discovery of accelerating expansion
of the Universe in 1998 has not so far generally accepted theoretical ex-
planation and it has produced an intensive activity in general relativity
modification during the last decade.

In this paper, we consider nonlocal modification of gravity (for a review,
see [1, 2, 3, 4]). Under nonlocal modification of gravity we understand
replacement of the scalar curvature R in the Einstein-Hilbert action by a
suitable function F'(R,0), where O = V,V# is d’Alembert operator and V,
denotes the covariant derivative. Here, nonlocality means that Lagrangian
contains an infinite number of space-time derivatives, i.e. derivatives up to
an infinite order in the form of d’Alembert operator O which is argument
of an analytic function.

We consider a class of nonlocal gravity models without matter, given by
the next action

S = /d4x\/jg(
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o
where F(0O) = Z fn0" H and G are differentiable functions of the scalar

n=0
curvature R, A is cosmological constant and C' is a constant. The corre-
sponding Einstein equations of motion are rather complex and their deriva-
tion is not available in the research papers. In this paper we will present
their derivation. In order to obtain equations of motion for g,, we must
find the variation of the action (1) with respect to metric g"”.

2. Some preliminaries

At the beginning we would like to prove the following identities:

09 = 99" 09w = —99u09"", (2)
1
0V=9 = =5 9uv/~959", (3)
OR = R,,69"" + 9,,00g"" =V, V09", (4)
ag/w yite% o¥2 vap
o° =g Fo’a -9 Fo’a? (5)
0
I, = G Iny/—g, (6)
1 1%
0= ﬁauv —99""'0,, (7)
where g is the determinant of the metric tensor g, .
The determinant g can be expressed in the following way:
g= gﬂog(u,ﬂ) + gmG(“’l) 4o+ g#n_1G(”’”_1), (8)

where G(*¥) is the corresponding algebraic cofactor and n is space-time
dimension. If we replace elements of the p row with the elements of the v
row then the determinant g becomes equal zero, i.e.

0= gl’OG(MO) + gl/lG(Ml) + ...+ gyn—lG(“’n_l). (9)
From this expression we have
g G = 90}, (10)
or -
G o,V N
G = O (11)

where 07} is Kronecker’s delta symbol.

Metric tensor g*¥ is defined by

g = : (12)
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From (10) (here we set o = 1) we get
59 = GH)g,,. (13)

From the last equation and from (12) we obtain

89 = 99" 69, - (14)
From g,,g"" = n we have g"dg,, = —g,, 09" which completes the proof
for (2).
We have

1
2\/—g

Finally, using equation (2) we obtain (3).

o —g=— dg. (15)
We know that by definition

R =g¢"R,,, (16)
where R, = R, is the Ricci tensor.

The Riemann tensor R.., is given by

ore,  are,
Rﬁ'yn: oxY - oz +nyto'rza/-n_rgnr?y-w (17)

where Fﬁw is the Christoffel symbol

1 dgs 0oy Ogy
e = —gho (2 — Sy 1
v 2g (833” + ox" (%U") (18)

It can be shown that

59ur = —Guagpnd9°’, (19)
59" = —g" 9" 5 gagp, (20)
SRE., = V. 0T%, — ¥, 0T, (21)
SRy = V017, — V,0T7,, (22)

1 dg ogy gy 1 0dg 04gy ddgy
e — 250 29m v 9vpy L ooy T v _ Y
0TV 259 ( ox¥ ~ Ozt Qa7 ) 29 ( oxV Oz ox )
(23)
From equation (16) we have that the variation of the Ricci scalar is

OR = 69" Ry + g""O0R,.. (24)
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Using equation (22) we get

R = 09" Ry + g" (V4017 — V617 )
= 09" Ry + Vo(g"oly, — g"7dL),). (25)
We have used V,g,, = 0 (the metric compatibility) and relabeled some
dummy indices.

Now we need to compute the term g"”oI'), — g+ o). We have

069,

V09 = “gen-

— 19,0900 — 1,000 (26)

Using the last equation, equation (23) and the symmetry in the Christoffel
symbol I'j, = 'Y, we obtain

1 dg 99 Ogy 1
o _ ~£.07 TH v M -0y
oT5, = 509 ( T S ) +59 (vyagw V00

— V80 + T0g + rfwagM)

1 dg dg dg 1
=507 (G + Gar ~ 9 ) 9 T+ 567 (Vidan,

+ V00 — Vvégw). (27)

Now using equation (19) in the second term we get

1 dg dg gy
05, = 5007 (G + G0 = G) = 807 gr0aasl,

2
1 g
+ 59 ’Y(vy(sgw + V80 — Vwégw)
g (07 (on 1 (o
= 59 /Bg)\ﬁrr)/\u - 59 56049/\,3F5\u + 59 ’y(vu(sgwu + v,uég'yu
- vwag@
o (o2 1 (o
=097 grsT, — 097 g0, + 597 (Vuégw + V690
— V75gw>. (28)
Then we have
loa 1 g
015 = 597 (Vo8 + Vb — Vo0, (29)

Similarly,
1
ol = §gﬂvu59m- (30)
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In order to express the previous result as function of the variations dg"” we
again use (19) and obtain

1 o
6Fgu = 5907 (VV(_guag'y/B‘sgaﬁ) + vu(_guag'yﬁégaﬁ) - vv(_guagub’ég 6))

1
= _*gav(guag'yﬁvuégaﬁ + guagvﬁv,u(s.gaﬁ - gl/ag,uﬁv’y(Sgaﬁ)

2
1 (0% g (6% o (6%
= —5(039ua Vg P+ 63906V 109" = 9uagusg’* V109°")
1 o o} g o
= _Q(guvvuég 7+ guvvuég v — guag,uﬂv dg B), (31)
where V7 = g77V,,.
Similarly,

]' «Q
0Ty = = 5905V udg™”. (32)

Finally, we obtain

g'ory, —g"7ory,

= —% (g“”gMVﬁg‘” + 0" 9V 1697 — 9" Guagus V7 0g™"

~ 9" 905V 409" )

= —% (55%59” + 84V ,097 = 649u6V 789" — 9" 9oV u0g™" )

= —% (V2097 + 9,007 = a5 V7897 = 905V 39°7 )

— _% (zvvfsgm - 2gaﬁvgégaﬂ>. (33)
Then we have

ghrory, — gtor), = gagvgégo‘ﬁ - V,6g°7. (34)

Substituting this in (25) we obtain the variation of the scalar curvature

SR = 69" Ry + gus Ve V9P —V, V5977
= 09" Ry + 9 B0g"" =V, V0™ (35)

Now we want to prove the equation (5).
Using the identity ¢g"“gyo = 6., we obtain

ogh™ OGva
Yy _ _greaZIva
o0x° Yo g o0x°
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Using the definition of the Christoffel symbols it is easy to show

09y
ax: = gﬁarga + g/BVFgU' (37)

Substituting this in (36) we obtain
ogh®

oo 9o = —0" (980T Ly + 90T ). (38)
If we multiply the last equation with ¢*7 and using g7 g,a = a4 we have
dghy
5o = 9" 980" Ty = 9" 980" Tl = =g Ty — ¢" Y, (39)

Finally, if we replace v with a and v with v in the last equation we obtain
the equation (5).

In order to prove the equation (6) we use the equation (10)

g = g/J,aG(M7a)- (40)
From this and using 8%;:’? =0 and gng = 07 we have
dg oG (1) 990
_ = 4 G o) 2T G(AW)’ 41
ag,uu e 8g,uy 39;“/ ( )
09 _ 09 99as _ (p) 9908 (42)
ozt Dgap OxH Oxr
Using ¢*° = G(Z’B) the last equation becomes
89 ap 8gaﬁ
= —Zap 43
OxH OxH (43)
Substituting aag;f from (37) we obtain
dg
oo = 9Lau + gT5, =292, (44)
From this we obtain equation (6)
Fg“ = @ln\/ —g. (45)
In order to prove (7) we write
1 1P up 0%
Op =V, Vip = V“(g VpSO) = Vu(g @)
0 Oy 0y
— 7 (ghr 2 wogvp ZF
- 81’“ (g axp) +FMV 8.%'/)’ (46)
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where ¢ is any scalar function.

Using (6) we obtain

w 09

0 dy
Op = vp ¥
v =50 50) T 5 (InV=9)g" 5
0 Op 0 e
— pv )k 2
509 5o0) T g IV =9)g" 5 (47)
On the other hand, we have
1 ;w
— 89:“(\/ )
1 0 89’“’ e 0?
- F (aﬁ(v_g) T oan 8:17” TtV 83:“83;”)
39“” dp | . PP

(ln —9)9" C‘?x" oxH OxV g oxHoxzY

a o o, 0
= o (ny/=g)g" S5 4 (g ). (48)

From (47) and (48) we can conclude Oy = ﬁ@uw/—gg’“’&,«p for any scalar
function .

3. Derivation of equations of motion

Let’s introduce the following actions

Sy = / (R —2A)y/—g d*z, (49)
51 = / H(R (R)V=g d'z. (50)

then the variation of the action (1) can be expressed as

08 = 050 + C651. (51)

167TG
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3.1. The variation of S

The variation of Sy can be found as follows

68y = /5((R —2M)/—g) d*zx
_ / 5(Rv=g) d'z — 2A / 6y/=g d'z
= / (V—g0R + Ré\/—g) d*z + A / g/ —g6g" d'x
- /(ﬂ&(g“”Ruy) — %R\/jggw,ég‘“’) d*x
+A / G/ —g0g"" d'x
- / Ry /=g6g"” d'x + / 9"/ =g0Ru, d'x
_ % / Rguu/—gdg" d*z + A / Gu/—gog" d*x
~ [ = 3R v=a00" dte+ & [ gu/=g0g" '
+ /g“”éRW\/—T/ d'z =0. (52)

Here we have used equation (3).

Now we want to show that [ g"“0R,,\/—g d*z = 0.
We first introduce

WY = —ghgT%, + g 6T, (53)

We have
1 0 y owv , 1 0y—
=5 00 VIV = +wr—— Y

~ Oxv V=g 0xv
Using equation (6) we get

1 0 0 0
R _ vy — jite} v yny %
\/_—gaxy(x/ gW?) = =5 5 (g 0a) + 5 2 (9" 0T a)
+ (—g"* oL, + 9"”5Ffja)ng
ogHe arv., gt are.,
= — TV _— ghosg—H2 T« py g 7 RO
(996”6 po =9 5696’/ +8x”6 po 9 6837"

+ (=g 0Ty, + g™ TS, )T 5. (55)
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Now using equation (5) we obtain

1 0

— aBH B
N (V=gW?") = g*"I' 501, + "I 501,

_gﬁuFl;jLB(Scma _ guﬁplljﬁ(gpga _ gﬂada(;;’/‘;‘ + gﬂMfﬁl
=g 0T o + " Ty
_ gW( - 5%2%” + 5851;%“ + 12,008, + 5500,
T8 6T, — rgaérﬁy)
= gra( - Ty T v, L) = R (60

Here we have relabeled some dummy indices.
Finally, we have

10 ,
ﬁaxV(\/ng )s (57)

[iruv=gate = [ =gt (59)

g"" R, =

Using the Gauss-Stokes theorem we have

/ VAW = /z W "

where Y is boundary of a space-time region of integration.

Since dg,,, = 0 and & (%gx“o’j ) = 0 at the boundary of region of integration we

have W¥|s, = 0. Then we have fz WVdo, = 0 and finally

/ 9" S Ry\/—gd*z = 0. (60)

Substituting this in (52) we obtain the variation of Sy
0Sy = /GW\/—g(SgW d*z + A/gw,\/—g5g’“’ d*z, (61)

where G, = Ry — %ng is the Einstein tensor.
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3.2.
1.

Preliminaries for the variation of S
Using the equation (4), for any scalar function h we have

/ héR\/—g d*z
= / (AR, 0" + hg,,08g" — BV, V,69") /—g d*x. (62)

The second and third term in this formula can be transformed in the
following way:

/thD(;g‘“’\/—g d*z = /gw,Dh(sg“”\/—g d*z, (63)
/ AV, V69" \/—g d*zx = / V. V,h§g" /=g d*z.  (64)

To prove the first of these equations we use the Stokes’s theorem and
obtain

/ hg,w 009" v/ —g d*x = / hgw Vo VSgh\/—g d*z
=~ [ Valhgu) Vo4 =g dta
= / VOV alhguw)og"' /=g d'x
= / guwVVah 69" /=g d*z
_ / g Oh 69" /=g de. (65)

Here we have used V,g,, = 0 and V*V, = V,V® = O to obtain the
last integral.

To obtain the second equation we first introduce vector
NF =hV, 0" — V, hégh". (66)
From the above expression we have

V. N* =V, (hV, 89" — V,hég")
= V,hV,86" + hV V69" — V.V, h 66" — VbV 169"
= WV, V06" — Y,V h 69" (67)

Integrating V,N# yields
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/ V. Nty—g d*z = / Ntn,dy. = 0, (68)
b

where ¥ is boundary of region of integration and n,, is the unit normal

vector. Since N*|5; = 0 we have that the last integral is zero, which
completes the proof.

Finally, we obtain:
/ h6R\/—g d*zx = / (hRyuy + gu0h — YV, V,h) 6" \/—g d*z. (69)
2. Let 6 and ¢ be scalar functions such that 61|, = 0. Then we have
/ 050)\/—g d*x = / 0060(v/—g9*Pdg) d*x
+ / 05 (\/ég) D (v/ =99 050) /=g d*e
— [ 0u(65(v=g9"00) '~ [ 0,6 8(v=g"00) d'a
+ % / 09,,0Yg" /—g d*a. (70)

It is easy to see that [ 9,(05(v/—gg*?9s¢)) d*z = 0. From this result
it follows

/ 9501/ —g dix

= / 9°P0,0 Dg18(\/—g) dix — / Do D51b3g™P /=g d*x

- / 9°P\/=g0ab D50 d'x + % / 09,,03g" \/—g d'x

= % / 9°P000 951 9,,09" /—g d*z — / 00 0 pdgH\/—g d*x
- / 93(g*P/=gBab 60 d*z + / 05(9*°\/—g0ab) 01 d*x

1
+ 5 /guuemwaguy\/ -9 d'z

1
=3 /gaﬁaae 05 909" /=g d*z — /8u9 O ogtr\/—g d*z

+ / 06 §i/—g d*z + % /gwewag/%/—g d*z. (71)
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At the end we have that
[o50v=g dta = [ 490,60 909,80 =5 '
— /aue A pdgh’\/—g dra + / 00 6¢y/—g d*x

1
+ 5 /g,uueljdjéguy\/ ) d'z. (72)

3.3. The variation of S;
Now, after this preliminary work we can get the variation of Sj.

The variation of S; can be expressed as
851 = / H(R)F(D)G(R)S(v/—g) d*z
+ [oum)FOG(RYV d'a
+/”H(R)6(]-‘(D)Q(R))ﬂ d'z. (73)

Let us introduce notation
K;w = v,uvu — 9w,
P =H'(R)F(D)G(R) + G'(R)F(D)H(R),

where ’ denotes derivative with respect to R. For the first two integrals in
the last equation we have

(74)

L- / H(R (R)S(v—g) d'x
/ G (R F(D)G(R)Sg™ =g d's, (75)
I, = /5 )G(R )Fd%—/%’ JOR F(D)G(R)\/—g d*z.

Substituting h = H'(R) F(O)G(R) in equation (69) we obtain
I :/ (RMVH/(R)‘F(D)Q(R) — KW(H’(R)}"(D)Q(R)))@W\/TQ da.
(76)

The third integral can be divided into linear combination of the following
integrals

T = / H(R)S(0"G(R))v/=g d'z. (77)
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Jo is the integral of the same form as I so

Jo= [ (G (RYH(E) = Ko (G (RH(R)) ) g V=g s (78)

For n > 0, we can find J,, using (72).
In the first step we take 6 = H(R) and ¢ = O""!G(R) and obtain

2
B / 9, H(R) 8,0"'G(R)3g" /=g d*z + / OH(R) 60" G(R)y/~g d*

To=3 [ 4.1 950 G(R)gug V=g '

3 / 9 H(R)B"G(R)Sg" /=g d'z. (79)

In the second step we take § = OH(R) and ¢ = 0" ?G(R) and get the
third integral in this formula, etc. Using (72) n times we obtain

n—1
I= 33 [ Gus o (R, G (R Y=g da
=0
n—1
-y / 9,0'H(R)9,0" 1 1G(R)s¢" /—g d'z
=0

n—1
532 [ o MG (R
=0
+ / (RWQ’(R)D"H(R) — K, (g’(R)m”H(R)))égW\/?g d*z.  (80)

Using the equation (69) we obtain the last integral in the above formula.
Finally, we can put everything together and obtain

551 :Il +IQ+anJn

n=0

_ % / G H(R)F(O)G(R)5g™ /—g d*a

+ / (Ru® — K, ®) 6g"\/—g d*z

[e¢) n—1
1
- af l n—1—1 v o/ 4
- znzlfn;/gwg O H(R)0p0 G(R)6g"'v—g d'x
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“S S [oemma0 i s
n=1
+5 anZ / 9w O H(R)T"G(R)6g" /=g d'x. (81)
n=1

3.4. The variation of S and the equations of motion
We have

l/ A v
55 = / 1; S PO g /=g dt + C5S). (82)

From ¢S5 = 0 we obtain the equations of motion (EOM). We can write the
EOM in the form

Guu + Ag,uz/
167TG

+5 anZ (99?0 H(R) 050" IG(R)
n=1

+ C( _ %g#,,H(R)}"(D)g(R) (R ® — K, ®)

- 29,0 (R, G + gD HRD™IG(R)) =0, (89)

where K, and ® are given by expressions (74).
In the case when the metric is homogeneous and isotropic, i.e. Friedmann-

Lemaitre-Robertson-Walker (FLRW) metric, the last equation is equivalent
to the following system (trace and 00 component):

4N — R
167G

[ee] n—1
+ 3" £ > (0.0"H(R)9* 0" IG(R) + QDIH(R)mn—lg(R))) —0,
n=1 =0

v c( — YH(R)F(D)G(R) + (R® + 300) (84)

G A
MJF(;(_%OH( )JF(O)G(R) + (Roo® — Koo®)
167G
o) n—1
1
ap n—1-—1
P2 2 (o OO

— 29o0"H(R) 30" IG(R) + gooD H(R)m"—lg(R))) —0.  (85)
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4. Conclusion

In this paper we have considered a nonlocal gravity model without matter
given by the action in the form

S = /d4x\/jg<R16_7r2GA + C?—((R)]—“(D)Q(R)). (86)

We have derived the equations of motion for this action. In many research
papers there are equations of motion which are a special case of our equa-
tions. In the case H(R) = G(R) = R we obtain

S = / diz/—g (Biﬁ}?f + C’R]-“(D)R>. (87)

Studies of this model can be found in [2, 3, 4, 8]. The case H(R) = R™*
and G(R) = R we analyze in [10].

Investigation of equations of motion and finding its solutions is a very
difficult task. Using ansétze we can simplify the problem and get some
solutions. For some examples of ansétze see [7, 9].
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