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ABSTRACT

We give a prescription for performing the T-dualization for the theories with the co-
ordinate dependent backgrounds. We consider the simplest case of the coordinate
dependent background, the weakly curved background, which consists of constant
metric and Kalb-Ramond field with infinitesimally small coordinate dependent
part. T-dual theory is defined in the non-geometric double space, described by
the Lagrange multiplier y,, and its T-dual 7,. We also demonstrate that the pre-
scription is applicable in the opposite direction as well. This is nontrivial because
the T-dual string does not propagate in the weakly curved background.

1. Introduction

T-duality is long investigated property of string theories. It was for the
first time described in the context of toroidal compactification in [1]. The
majority of papers addressing T-duality considers the string moving in the
constant background. In these papers, the prescriptions for the construction
of the T-dual theories were established.

In Buscher’s construction of T-dual theory [2, 3], one starts with the mani-
fold containing metric G/, antisymmetric field B, and dilaton field ®. It
is required that the metric admits at least one continuous abelian isometry
which leaves the action for the o-model invariant. The covariant Buscher’s
construction consists of the following steps. First, the isometry is gauged
by introducing the gauge fields vh. Second, the physical equivalence is pre-
served by introducing the Lagrange multiplier term, which constrains the
gauge field strength

Fgﬁ = &wﬁ — Ol (1)
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to zero, making the gauge fields nonphysical. The integration over the
Lagrange multipliers y,, in the gauged fixed Lagrangian simply recovers
the original theory. The integration over the gauge fields v, produces the
T-dual theory.

In the present article, we consider the weakly curved background and allow
the background fields to depend on the coordinates along which we perform
duality transformations. The variation with respect to the argument of the
background field B,,,,, produces the topological term, and consequently the
isometry is still the symmetry. Our procedure for obtaining the T-dual
action is the following;:

1. Replace the Ordlnarz derivatives 0, 2" with the covariant ones Dox* =

Opxt + vk, where vl are the gauge fields.
2. Replace the argument of the background fields with the invariant one,

substituting every coordinate with its invariant generalization defined
by

Ay, = [ de Dt =t — (o) + AV oo ) (2)
where AV* is a line integral of the gauge fields v}.

3. Add Lagrange multiplier term y, F{}; and fix the gauge taking z*(§) =
(o).

4. On the equations of motion for the Lagrange multiplier y,, the original
theory will be obtained.

5. The T-dual theory *S[y] is obtained by integrating with respect to
gauge fields vh.

Note that the line integral and consequently the invariant coordinate Azl
and AV*# are path dependent. The Lagrange multiplier term y,, F); grantees
that the gauge field is closed (dv = 0) but one should consider the topolog-
ical contribution as well.

We apply our procedure once again, starting from the T-dual action. The
T-dual theory is defined in doubled space but is still globally invariant
under the shift of the T-dual coordinate y,. Gauging this symmetry, we
show that T-dual of the T-dual is indeed the original theory.

2. Bosonic string in the weakly curved background

Let us consider the action [4]

Sla] = & /Z € 0421 0 [1]0_2" (3)

describing the propagation of the bosonic string in the non-trivial back-
ground, defined by the space-time metric G, and the Kalb-Ramond field
B,,

My o] = Buule] £ 5 Cule]. (4)



T-DUALITY IN COORDINATE DEPENDENT BACKGROUND 121

The integration goes over two-dimensional world-sheet > parameterized by
&t = %(7’ + o). The action is given in the conformal gauge gos = €*'nags,
where g, is the intrinsic world-sheet metric. Here 2#(§), u=0,1,...,D—1
are the coordinates of the D-dimensional space-time, x = ﬁ, and 01 =
Or + 05.

The consistency of the theory requires that the background fields satisfy
space-time equations of motion

1
4
where B,,,, = 0,B,,+ 0,B,,, + 0,B,,, is the field strength of the field B, ,
and R,, and D,, are Ricci tensor and covariant derivative with respect to

space-time metric. We consider the weakly curved background, defined by
the following expressions

Ruy — 7 BupeB,” =0, D,B",, =0, (5)

1
G = const, By [x] = by, + ngpxp = buw + hyw- (6)

which satisfies the space-time equations of motion (5), if the constant B,,,,
is taken to be infinitesimally small and all the calculations are done in the
first order in B,,,,.

3. Generalized Bouscher’s construction

The standard Bouscher’s construction of T-dual theory, is applied to the
target space with isometries. Despite of x#-dependence of the background
fields, the weakly curved background preserves the global shift symmetry

oxt = A\ = const, (7)
for the closed string. For simplicity we assume that all the coordinates are

compact.

As By, is linear in coordinate, the variation of the action is proportional
to the total divergence

0S8 = gBuup)\pea'B/d2€aa($”aﬁmy) =0, (8)

which vanishes in the case of the closed string and the topologically trivial
mapping of the world-sheet into the space-time.

3.1. Gauging shift symmetry

In comparison to the standard Boucher construction, the procedure is
changed, because of the coordinate dependence of the fields. As usual, to
localize the global shift symmetry, we introduce the gauge fields vh which
transform as

Sk = =0 N, (W = N (1,0)), (9)
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and substitute the ordinary derivatives with the covariant ones
Opxt — Dyt = Oyt + vk, (10)

In the weakly curved background, this replacement is, however, not suffi-
cient to make the action locally invariant. Because of this, we additionally
replace the coordinate x*, with the invariant coordinate defined by

inv

Azt = / d€® Dyt = ot — zH (&) + AVH, (11)
P

where

AV“E/dfO‘vZ. (12)
P

The path P is taken from &{ (19, 00) to £¥(7,0). The path dependence will
be discussed in 3.2. for the world-sheets with trivial holonomies and in 6.
for world-sheets with the nontrivial ones.

The main requirement is that the dual theory is equivalent to the initial
one. So, in order to make the degrees of freedom originating from the gauge
fields nonphysical, the corresponding field strength

Fo’fﬁ = (%Ug — vk, (13)

must vanish. We can achieve this by introducing the Lagrange multiplier
Yu, and the appropriate term in the Lagrangian

1
Sins =10 [ ¢ Dot o[ A D 4 (050, — o Dr)], (1)

where the last term is equal %quﬁ_ up to the total divergence. Fixing the
gauge (&) = xH(&y) we obtain

1
Stizly, ve] = "i/d2§ [UiH-Hw[AV]UZ + 5(”5—8—?4# - Uﬁa—&-yu)}a (15)

where y,, and v/ are independent variables and AV* is defined in (12).

3.2. Integrating out the Lagrange multiplier

Let us show that the gauge fixed action (15) is equivalent to the initial one
(3). The equation of motion with respect to the Lagrange multiplier y,,
enforces the field strength of the gauge fields to vanish

oyt —o_vl = 0. (16)

Its solution
vy = Oyat, (17)
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substituted into (12) gives
AVH(E) = 2"(&) — 2"(&o)- (18)

Let us stress that the value of the AV# does not depend on the choice of
the path P. Using Stoke’s theorem the defining integral along the closed

path P, can be rewritten as the integral over the surface S which spans the
path P =085,

jﬁ dgavg::t/nd2g(éujﬁf—-a_vi). (19)
pP=90S S

The equation of motion with respect to y, forces this field strength to
vanish.

Omitting z#(&p), because the action does not depend on the constant shift
of the coordinate we find

Stiz[ve = 0xx] = m/d2§ Oty [x]0—a", (20)
which is just the initial action (3).

4. T-dual action in the weakly curved background

The T-dual action can be obtained by eliminating the auxiliary gauge fields
from (15). Because V# is function of independent variables v/, and v”, the

variation by v/ gives two equations of motion

1

H:F,uu[AV}'Uijt + iaﬂ:yu = :FB;F [V]7 (21)

which can be rewritten as
Hly) = kO AV )] ey 257 V)], (22)

where
7% 2 -1 —1\pv v 1 —1\pv
O AV] = ——(GZ IIL.G™ )" = 0 [AV] F — (G5 )M [AV], (23)
K K

and GEV =[G —4BG™'B],,, 0" = —%(GngG_l)W are the open string

background fields: the effective metric and the non-commutativity param-
eter respectively. The terms

@mz@aﬁWwwa (24)
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come from the variation with respect to AV#(), but depend just on VH.
After one partial integration, we have

6v Sfiz = —kK / d*¢ B V] 0adVH = —k / d*¢BL[VIsvk.  (25)

Substituting (22) into the action (15), we obtain T-dual action

I{2

/ 0% 0,9, 0" [AV (4)]0_y,., (26)

where we neglected the second order term [, Bir.

Note that (22) is not the solution of (21), because V* and Bf depend on

vf. In the general case, the solution for v/ and AV* can not be trivially
found. In the next subsections they will be found in the order needed for
the case of the weakly curved background. Finally, to obtain the explicit
T-dual action we should substitute the solution for AV# expressed in terms
of y,, into (26) .

4.1. The case of the flat background (zeroth order iteration)
In the case of the constant background B,,, = 0, one has

Guwlr) = G,  Bulz] = b, (27)

and all the background fields will be denoted by index 0. As Ilp;,, is
constant, Bljf vanishes and (22) has the solution

ol = kO 01y, (28)
and the Tj-dual action is
K2 2 w
Sly] = 5 d”§ 04yuOp_0-yy. (29)

Using (12) and (28) we obtain AV©O# = v Or(g) — VOr(gy) with

VORE) = =k "y, + (97" 5 = (7)™ [(26G7),Ly, + G, (30)

Ay (€) = /P (i + doyl)) = yu(E) — y(bo). (31)

and
AGu(€) = /P (i), + doi) = G E) — Gulbo). (32)
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4.2. The case of the weakly curved background
Note that the variable V#  appears always in the terms containing the
infinitesimal B,,,,. So, as we are working up to the first order in B,,,, the

zeroth order value V(9! will be substituted in all the expressions and in
the rest of the paper the index (0) will be omitted. Finding the expression
for V#, we in fact solved the eq. (22). The solution is

ol = —rOL [AV][ 02y, £ 28] [V]], V() = —k05"y,+ (971G (33)

and the T-dual action (26) takes the form

IQQ

“Slyl ==

/ d*¢ 04y, O [AV]O_y,. (34)

Comparing the initial action (3) with the T-dual one (34), we see that they
are equal under following transformations

Ora" — Diy, H+u,,[a:]—>g@’i”[AV], (35)
which implies
Gu — *G"[y,§] = (GgH"™[AV],
Bule] — *B"™[y. = S6"[AV),
AVE = —kB Ay, + (7)™ Ay (36)

Comparing the solutions (33) and (17), we obtain the T-dual transforma-
tion of the variables law

Opat = —K@iV[AV] aﬂ/u + 263 [V] : (37)

Let us underline that in the initial theory the metric tensor is constant and
the Kalb-Ramond field is linear in coordinate x*. In the T-dual theory,
both background fields depend on AV*#, which is the linear combination
of y,, and its dual g, and consequently T-dual action is not defined on
the geometrical space (defined by the coordinate y,) but on the so called
doubled target space [8] composed of both y,, and .

5. From T-dual to the original theory

The T-dual theory (34) is by construction physically equivalent to the initial
one (3). So, we should expect that the T-dual of the T-dual theory is just
the initial theory. But, in T-dual theory both T-dual metric tensor *G
and Kalb-Ramond field *B,,,, are coordinate dependent. Moreover, they
depend on both ¥, and g,,.
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To demonstrate the physical equivalence, we should first find the global
symmetry of the T-dual action. Note that the action is not invariant under
the constant shift of the argument of ©"”. But, the transformation

0y = Ay = const, (38)

leaves the argument itself, AV# = VH(¢) — V#(&p), unchanged and conse-
quently the action (34) is invariant too.

5.1. Gauging the symmetry

Let us localize this symmetry and find the corresponding locally invariant
action. The procedure is the same as in subsec. 3.1., the only difference is
that here we deal with the double space defined by two coordinates y,, and

Yu-
We covariantize the derivatives

D:I:yu = 8:|:yu + Uy, (39)
introducing the gauge fields u+, which transform as

Uy, = —8i)w(r,a). (40)

The dual background fields argument AV* is not locally invariant. So, first
we construct the invariant expressions for both variables y,, and ¢,

Ayim = = / (dT Doy + doDyy,) = Ay, + AU,
P
AQL"” = / (dT D1y, + doDoy,) = Ag, + Affﬂ, (41)
P

where Ay, and Ay, are defined in (31) and (32) and

AU, = / (drugy, + douy,), AU, = / (dTu1y, + dougy). (42)
P P

Now, it is easy to find the generalization of the background fields argument

AVy, = =R Ay + (g7 AG”
= —rly"(Ay, + AU,) + (97" (A + AT)

AVE[y] + AVHU], (43)

which is invariant by construction.

Finally, we can construct the dual invariant action

;/d2£ [HDer#@liy[AV;m]nyy—i—uﬂﬁ,z“—u,u&LZ“ s (44)

*
Sim; =
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where the second term makes the gauge fields u+, nonphysical. The gauge
fixing y,(§) = yu(&o), produces D1y, = u+, and AV#[y] = 0, so the action
becomes

*Stialz, ut] = ;/d%{fww@’i’/ [AVIUJuey + gy 02" — u_y 042" |.

(45)
5.2. Integrating out the Lagrange multiplier
The equation of motion with respect to the Lagrange multiplier z#
8+U_# - 8_U+# = 0, (4.6)
has the solution
Uty = Oiyu, (47)

which substituted to (42) gives AU, = Ay,. So, the action (45) on this
solution becomes

2
Spialus = 0y =y [ 0,0 [AVE]O,  (48)

and coincides with the T-dual action (34).

5.3. Integrating out the gauge fields

By varying the action (45), with respect to the gauge fields w4, using the
fact that
@lip = @Sﬁ — 2/‘?[@07h@07]yp, (49)

we obtain the equations of motion

02t = —kOM [AVU]] [uiy + 247 [V[U]]]. (50)
Using the expression ©4"Il¢,, = 505, we can extract u,,

Uty = =23, [AV[U]]0x2" T 28} [VIU]]. (51)
Similarly as in the subsection 4.2., we will solve equations (51) and (42)
iteratively. From the zeroth order solution of (51) one finds the zeroth order

values of U, and f]u

Uy =—2bz" + G2, U,=—2b,3 +Guz", (52)
and confirms that

VHU] = (g7 (260U, + U] = 2, (53)
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and consequently B;;L[V[U]] = Bf [z]. Substituting (53) into (51), we obtain
its solution

Uty = =254 [Az]0+2" F 252: 2], (AZ” = 21(§) — Zu(go)) (54)

Substituting it into the action (45), we obtain

“Spiale) = 1 [ €0 [5() - 2(60)0-2" (55)

But, this action is invariant under the global shift in the coordinate and we
can omit the term z(§p) and obtain the T-dual of the T-dual action

*8[s] = *Spiale] = # / PED. L4 202", (56)

which is in fact the initial action. So, the second T-duality turns the dou-
bled target space (y,,%,) back to the conventional space z*.

Comparing (54) with (47), we obtain the T-duality transformation of the
variables law
Oryy = —215,,, [A2]012" F 26 [2]. (57)

Note that this is the inverse transformation of (37). More precisely, substi-
tuting y, from (57) into (37) one has Oyt = 042"

6. Global features in the quantum theory

Let us shortly discuss some global features of our procedure. In the classical
theory, the invariant coordinate Ax;y,, is multivalued, and in the quantum
theory the holonomies of the world-sheet gauge fields introduce the new
obstructions.

For simplicity we will consider the case when the world-sheet is a torus.
After the Wick rotation 7 — —i7, the term in the action which contains
metric tensor G, acquires multiplier 7, while the terms which contain
Kalb-Ramond field B,,, and Lagrange multiplier y,, remain unchanged. We
simplified notation using differential forms and omitting the space-time
index p. The Hodge duality operator is denoted by star. The Euclidean
path integral partition function is therefore

7 — /DyDU e—S(U,AV)-H'K Is; vdy’ (58)

where

S(v,V)—;/ZUG*U—ZR/EUB[AV]U. (59)

We will compare this partition function with one of the original theory.
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Let us make the Hodge decomposition of the forms v, dy and dx
v =dve+ dvee + v, dy=dye+yn, dz=dze+ zp (60)

The 1-form v is separated into exact (v, is single valued function), co-exact

and the harmonic (dv, = 0 = dth) parts, while the closed 1-forms dy
and dx have only the exact and the harmonic parts. The integration with
respect to y. in (58) forces the field strength of the gauge field to vanish due
to the appearance of the d(dv) which also causes the path independence of
AV*#. Using dv = 0 and the Riemann bilinear relation, the last term in the

exponent becomes
/vyhzj{vfyh—j{yhfv, (61)
P a b a b

where a and b represent the canonical homology basis for the torus.

All nontrivial holonomies come from the harmonic parts of dy and v, y;, =
yde®, v, = v2dé¥. Restricting the coordinate y to periodic one y ~
y + 27 R, and integrating over 30 and yl? we obtain

o R’UO Rvg _ (’U, )
Z—/Dvedvgdvg ZZ (5( a/b —na>T§€:Z(5( o —le)e S AV' (62)

Na

Let us at this point, confirm that AV*# does not depend on the choice of the
path P. Let P; be some other path with the same initial { and the final
point &% as the path P. Then, the difference in AV# along closed curve

PPl_l, homological to a curve mga + mpb, (mg, my € Z), is the integral of
the harmonic form

AV [P](€) — AV[P](€) = ]éj L= 21 (mqv? + myvy). (63)

Now, performing the integration over vQ and vj in (62), we obtain

7 - / Dy, 3 e S@AY), (64)

At the same time (63) turns to

AV [P] = AV[P] + 2nrk, (k= mgny +mpn, € Z). (66)
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So, variable AV*# is periodic, with the same period r as the x coordinate.
Therefore, the only trace of the path dependence of V# is its winding.

Substituting ve — xe, vp — x we obtain the initial theory

75 / Dz, Y e Sl / DSl — 7, (67)

Ng NpEZL

with ¢ ~ x + 27r.

Therefore, the winding modes of the Lagrange multiplier y* act as the
Lagrange multipliers for the holonomies.
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